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ON THE WAVE EQUATION WITH HYPERBOLIC DYNAMICAL 
BOUNDARY CONDITIONS, INTERIOR AND BOUNDARY 
DAMPING AND SOURCE 

ENZO VITILLARO 


Abstract. The aim of this paper is to study the problem 

in (0, oo) X n, 
on (0, oo) X Fq, 
on (0, oo) X Fi, 
in Q, 

where n is a open bounded subset of with boundary (N > 2), F = dQ, 
(Fo,Fi) is a measurable partition of F, Ap denotes the Laplace-Beltrami op¬ 
erator on F, u is the outward normal to fl, and the terms P and Q represent 
nonlinear damping terms, while / and g are nonlinear subcritical perturba¬ 
tions. 

In the paper a local Hadamard well-posedness result for initial data in the 
natural energy space associated to the problem is given. Moreover, when Q is 
and Fq n Fi =0, the regularity of solutions is studied. Next a blow-up 
theorem is given when P and Q are linear and /, g are superlinear sources. 
Finally a dynamical system is generated when the source parts of / and g are 
at most linear at infinity, or they are dominated by the damping terms. 


utt — Au -h P{x, ut) = f{x, u) 
u = 0 

Utt + d[,u — Aru + Q{x, ut) = g{x, u) 
u{0, x) = uo{x), ut{0, x) = ui{x) 


1. Introduction and main result 

We deal with the evolution problem consisting of the wave equation posed in a 
bounded regular open subset of supplied with a second order dynamical bound¬ 
ary condition of hyperbolic type, in presence of interior and/or boundary damping 
terms and sources. More precisely we consider the initial-and~boundary value 
problem 

in (0, oo) X SI, 
on (0, oo) X Fq, 
on (0, oo) X Fi, 
in 

where SI is a open bounded subset of {N > 2) with boundary (see [33]). We 
denote F = dfl and we assume F = FoUFi, FoPFi =0, Fi being relatively open 
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' Utt - Au + P(x, Ut) = f{x, u) 
u = 0 

Utt + dvu - Atu + Q{x, Ut) = g{x, u) 
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on r (or equivalently Fq = Fq). Moreover, denoting by a the standard Lebesgue 
hypersurface measure on F, we assume that cr(Fo H Fi) = 0. These properties of 
n, Fq and Fi will be assumed, without further comments, throughout the paper. 
In Section [ 5 ] we shall restrict to open bounded subsets with C'^ boundary and to 
partitions such that Fq n Fi = 0. Moreover u = u{t,x), t > 0, x G fl, A — 
denotes the Laplace operator with respect to the space variable, while Ar denotes 
the Laplace-Beltrami operator on F and v is the outward normal to Q. The terms 
P and Q represent nonlinear damping terms, i.e. P(x,v)v > 0, Q(x,v)v > 0, the 
cases P = 0 and Q = 0 being specifically allowed, while / and g represent nonlinear 
source, or sink, terms. The specific assumptions on them will be introduce d later 
on. 


Problems with kinetic boundary conditions, that is boundary conditions involving 
Utt^ on F or on a part of it, naturally arise in several physical applications. A 
one dimensional model was studied by several authors to describe transversal small 
oscillations of an elastic rod with a tip mass on one endpoint, while the other one 
is pinched. See m EDI EH [Ml m]. 

A two dimensional model introduced in m deals with a vibrating membrane of 
surface density g, subject to a tension T, both taken constant and normalized here 
for simplicity. If u{t, x), x G ft denotes the vertical displacement from the rest 
state, then (after a standard linear approximation) u satisfies the wave equation 
Utt — Au = 0, (t, x) S Kx n. Now suppose that a part Fq of the boundary is pinched, 
while the other part F 1 carries a constant linear mass density m > 0 and it is subject 
to a linear tension r. A practical example of this situation is given by a drumhead 
with a hole in the interior having a thick border, as common in bass drums. One 
linearly approximates the force exerted by the membrane on the boundary with 
—d^u. The boundary condition thus reads as muu + d^u — rApiU = 0. In the 
quoted paper the case Fg = 0 and r = 0 was studied, while here we consider the 
more realistic case Fg 7 ^ 0 and r > 0, with r and m normalized for simplicity. We 
would like to mention that this model belongs to a more general class of models of 
Lagrangian type involving boundary energies, as introduced for example in [25]. 


A three dimensional model involving kinetic dynamical boundary conditions comes 
out from where a gas undergoing small irrotational perturbations from rest in 
a domain 11 C is considered. Normalizing the constant speed of propagation, 
the velocity potential (fi of the gas (i.e. is the particle velocity) satisfies the 

wave equation (j)tt — Acj) = 0 in K x 17. Each point x G dfl is assumed to react 
to the excess pressure of the acoustic wave like a resistive harmonic oscillator or 
spring, that is the boundary is assumed to be locally reacting (see pp. 259- 
264]). The normal displacement <5 of the boundary into the domain then satisfies 
mStt + d6t + kS + p<j)t = 0, where p > 0 is the fluid density and m,d,k G C(dfl), 
m,k > 0, d> 0. When the boundary is nonporous one has 5t = d^(j) on K x dft, so 
the boundary condition reads as mSu + dd,y(l) + kS + p4>t = 0. In the particular case 
m = k and d = p (see EH Theorem 2]) one proves that = 6, so the boundary 
condition reads as mptt + ddup + kp ppt = 0, on M x dfl. Now, if one consider 
s the case in which the boundary is not locally reacting, as in m, one has to had 
a Laplace-Beltrami term so getting an hyperbolic dynamical boundary condition 
like the one in (1.1). 
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Several papers in the literature deal with the wave equation with kinetic boundary 
conditions. This fact is even more evident if one takes into account that, plugging 
the equation in (O into the boundary condition, we can rewrite it as Au + d,jU — 
Aru + Q{x, Ut) + P(x, Ut) = f(x, u) + g(x, u). Such a condition is usually called a 
generalized Wentzell boundary condition, at least when nonlinear perturbations are 
not present. We refer to [46], where abstract semigroup techniques are applied to 
dissipative wave equations, and to [231 Ull [Ml IHZl EH] • All of them deal either with 
the case t = 0 or with linear problems. 


Here we shall consider this type of kinetic boundary condition in connection with 
nonlinear boundary damping and source terms. These terms have been considered 
by several authors, but mainly in connection with first order dynamical boundary 
conditions. See ISllKIKIKIiKnillHllinilSTllMlIM]- The competition between 
interior damping and source terms is methodologically related to the competition 
between boundary damping and source and it possesses a large literature as well. 

See HIEHIIMI118113911521|63|. 


Problem o» has been recently introduced by the author in |66j . dealing with a 
preliminary analysis of (1.1) in the particular the case P — 0, f — 0, Q = \ut\^~‘^ut, 
g = g. > 1, q > 2. When ft is C^, Tq n Ti = 0, so T is disconnected, both 

Q and g are subcritical with respect to the Sobolev embedding on T, and uq G 
uoiTi € Mi,n G = 1 ^ 1 ,api G an existence and 

uniqueness result is proved. Moreover a linear problem strongly related to (1.11 has 
also been recently studied in [32], dealing with analiticity or Gevrey classification 
for the generated linear semigroup, and in [26] , dealing with regularity and stability. 


The aim of the present paper is to substantially generalize the analysis made in 
[66] in several directions. At first we want to treat in an unified framework interior 
and/or internal source and damping terms, each of which can vanish identically (the 
alternative being the study of several different problems). At second we want to 
include supercritical boundary (as well as internal) damping terms. Next we want 
to allow r to be connected and just . Moreover we want to consider initial data 
in the natural energy space related to (1.1) and thus weak solutions of it. Finally 
we plan to study local Hadamard well-posedness. Several technical problems, which 
were not present in [66] . makes the analysis more involved. To best illustrate our 
results we consider, in this section, the simplified version of (1.1) 



Utt -Au + a(x)Po(ut) = fo{u) 

in (0, c») X H, 

u = 0 

on (0, 00 ) X To 

Utt + duU - Atu + f3{x)Qoiut) = go{u) 

on (0, 00 ) X Ti 

u{0,x) = uo{x), ut{0,x) = ui{x) 

in H, 


where a G /3 G L°°(ri), a,/3 > 0, conventionally taking (70 = 0 when 

Ti = 0 , and the following properties are assumed: 
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(I) Po and Qo are continuous and monotone increasing in K, Po(0) = (5o(0) = 
0 , and there are m, /r > 1 such that 


0<limi„f!^<lims„p!t!M<oo, 


|v|—>-oo \v\^ ^ ' ' 


|i!|—>-oo 


|M-1 


< CX), 


l^l^o 

l„l^o 


(II) /o,5o G and there are p,q > 2 such that |/o(w)| = 0{\u\p and 

| 5 o(u)| = 0{\u\‘>-'^) as |m| ^ oo. 

Our model nonlinearities satisfying (I-II) are given by 

Po{v) =Pi{v) := a|u 

Qoiv) =Qi{v) := b\v 

foiu) =fi{u) := ^\u 


(1.3) 


r-^v + \vr-^v, 

1 < m < TO, 

a > 0, 


1 < /I < ^, 

5 > 0, 

+ 7 M + Cl, 

2 < P < P, 

7,7, Cl G K, 

«-2u + 5|u|«-\ + C2, 

2 < g < g, 

6, <5, C2 G K. 


We introduce some basic notation. In the sequel we shall identify L^(ri) with its 
isometric image in L^{T), that is 


(1.4) 


L'^iTi) = {ue L^{T) : u = 0 a.e. on Tq}. 


We set, for p € [I,oo) and a G L°°(n), (3 G L°°(ri), a,/3 > 0, the Banach spaces 
= {u€ G L'’(fl)}, || • |b.p.„ = || • |b + • ||p, 

L^’'’(ri) = {uG L^T^) : G L"(ri)}, || • h,,,p = || • Ib.Ep + • Hp.Ep, 

where || • ||p := || • ||LP(a) and || • ||p,ri := || • |lLp(ri) [) 

We denote by M|r the trace on F of any u G and by it|r; its restriction to 

Fi, z = 0,1. Moreover we introduce the Hilbert spaces = LPiVl) x L^(Fi), 

(1.5) = {{u,v)£H^{n)y.H^{T)-.v = u\T,v = Q on Fq}, 


with the topology inherited from the products. For the sake of simplicity we shall 
identify, when useful, with its isomorphic counterpart {u G : U|r G 

iF^(F) nL^(Fi)}, through the identification (u, U|r) i-G u, so we shall write, without 
further mention, u G for functions defined on H. Moreover we shall drop the 
notation M|r, when useful, so we shall write ||tt|| 2 ,rj /p u, and so on, for elements of 
We also introduce, for a and /3 as before and p,0 G [l,oo], the Banach space 


(1.6) =H^n[Li;^{n)xLy{r,)], 


\H 


i,p,e = 
0 


li/l+l 




Next, when H is and p G [l,oo], we denote 


(1.7) 1 ^ 2 ,p _ X W^^^{T)] n H\ and 


^it would appear simpler to set H LP{Q, Xq,), but unfortunately when a 

vanishes in a set of positive measure that is wrong, since the equivalence classes in the two 
intersecting spaces are different, as it is clear in the extreme case a = 0. 
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endoweed with the norm inherited from the product. Finally we set and Pp to 
respectively be the critical exponents of the Sobolev embeddings^ L®(n) 
and H^(T) ^ .b®(r), that is 


2N 
= < N-2 


if iV > 3, 
if iV = 2, 


2(iV- 1) 



if iV > 4, 
if TV = 2,3. 


The first aim of the paper is to show that the problem (1.21 is locally well-posed in 
the Hadamard sense in the phase space x when /o and go are subcritical in 
the sense of semigroups. 

Theorem 1.1 (Local well—posedness in X H°). If (I-II) hold and 

(1.8) 2<p<l + r,j2, 2<q<l + rj2, 

then the following conclusions hold. 


(i) For any (uo,ui) S x problem (1.2) has a unique maximal weak 
solution u in [O^Tmax), that is 


(1.9) u = (n,U|r) G L)?p([0, T„,,); Ffi) n 1T/;“([0, T^,,); 7V«), 

(1.10) u' = {u,,{u\r)t) G LZMTmax)-,L^rm) X Ll^([Q,T^ax)(LY{T,)) 

which satisfies (O in a distribution sense to be specified later on; 

(ii) u enjoys the regularity 

(1.11) U G C([0, Tr^ax); H^) n Cl([0, Trr^ax); H°) 

and satisfies, for 0 < s < f < Tmax, the energy identity^ 


^ / (■W|r)?(T)-f [ |VM(r)|^-f / |Vru(r)|r + f f aPo{ut)ut 

Q J Jg JsJQ 

+ / / /3Qo((^^|r)t))(^|r)t = / / foiu)ut + / ffo(w)(w|r)t; 

Js ^Ti Js J Q. Js ^Ti 

(iii) if Tmax < 00 then 

(1.12) lirn ||w(t)||_Hi(n) + l|w(t)||H-i(r) + ||Mt(t)||L 2 (Q) -|- ||(u|r)t( 0 llL 2 (ri) = oo; 




(iv) if uon — >■ uo uin Ui in and we respectively denote by Un € 

^([O,^ ^ the weak maximal solutions of 

problem (1.2l corresponding to initial data (won,'^in) o-'^d (uq^ui), we have 
Tmax < and, for any T € {^,Tmax), 

Un^u in Ci[Q,T];H^)nC^{[Q,T];H^). 


^with the well-known exceptions for when N = 2 and for when N = 3. The embedding 
H^{r) LT (r) is standard in the setting, see for example |35l Theorem 2.6 p.32], and one 
easily sees that the proof extends to manifolds without changes. 

^Vr denotes the Riemannian gradient on T and | ■ ji^the norm associated to the Riemannian 
scalar product on the tangent bundle of P. See Section 2 










6 


ENZO VITILLARO 



New region 


Old region 


Figure 1. The old region is the parameter range treated in [66], 
while the new region is the range covered only by Theorem o 

Remark 1.1. Figure 1 illustrates the parameter ranges covered by Theorem 1 1.1 1 and 
by [nni Theorem 1] in dimensions iV = 2, 3,4. Theorem |1.1| is optimal when N = 2, 
while when N = 3 assumption (1.81 imposes a severe restriction of the growth of the 


internal source/sink. When iV = 4 the restriction concerns both sources/sinks and 
is even more severe. To relax assumption (1.8) requires a specific analysis which is 


outside the aim of the present paper. On the other hand there is no restriction on 
the growth of the damping terms, improving the analysis in |66j . 

As a simple byproduct of the arguments used to prove Theorem |1.1| we get a well- 
posedness result in a stronger (when m > or /i > r^,) topology provided Pq and 
Qo satisfy the further assumption, trivially satisfied by Pi, Qi in (|1.3|), 


|Ro(OI 
’|->oo |.„| 


> 0 if TO > Tjj, liminf|„|. 


IQoO)l > 0 if // > r 
>oo ^ o n /r ^ /p. 


(Ill) liminf|„|_ 

Theorem 1.2 (Local Hadamard -well—posedness in X H°). If (I~III) 


and (1.8) hold then, for any couple of exponents 
(1.13) {p,e) e [r^,ma,x{r^,m}] x [r^,max{rp,/i}] 

and any {uo,ui) G x , the weak solution u of problem (1.2) enjoys the 

further regularity 


(1.14) 

Moreover, ifuQ„ 
then 




Uo in , Uin 


ui in and Un, u are as in Theorem 
u in C'([0,T];7J^)^’®) for any T G {0,Tm.ax)- 


1.1 
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Theorems |1.1| and |1.2| can be easily extended to more general second order uni¬ 
formly elliptic linear operators, both in and T, under suitable regularity assump¬ 
tions on the coefhcients. Here we prefer to deal with the Laplace and Laplace- 
Beltrami operators for the sake of clearness. The proof will rely on nonlinear semi¬ 
group theory (see [T^ and [53]), and in particular on [191 Theorem 7.2, Appendix], 
and on an easy consequence of the approach used there, which is outlined, for the 
reader’s convenience, in Appendix [A| 

The main difficulty faced in this approach consists in setting up, and working with, 
the right pivot space which allows to get weak solutions, i.e. solutions verifying the 
energy identity, when both a and /3 are allowed to vanish, identically or in a subset 
of positive measure. Other approaches are possible, as for example the use of a 
contraction argument, but our approach has the advantage to set up a working 
framework useful for further studies of the problem. 


The first outcome of it is given by the following regularity result, which proof con¬ 
stitutes the second aim of the paper. Before stating it we introduce the exponents 
I = l{m, n, N) and A = A(m, fi, N) by 


II 1 7 ■ fo max{m,r„} 

(1.15) Z = mm|2,— 


max{/j,,rp } 
p-l 



00 

minim', ^'} 


if "I < 

otherwise. 


Theorem 1.3 (Regularity I). Suppose that (I-II) and (1.8) hold true, that B is 
and To n Ti = 0. Then, if 

(1.16) 

(1.17) —Auo + aPo{ui)£L'^{^), 9i/Uo|ri ~ ^ruo|ri +/3Qo(ui|r) S T^(ri), 


then the weak maximal solution u of problem ( |1.2| ) found in Theorem \l . 1\ enjoys the 
further regularity 


(1.18) u e L^([0,r™„,); B^ 21 ) n Ci([0,T„,,);iJi) n ([0,r™„,);RO), 

(1.19) u'eC^([0,T„,,);Ri;™’''). 


Moreover, Uu - Am -f aPoiut) = /o(u) in L\Vl), a.e. in {0,Tmax), and {u\r)u + 
5i,m - ArM|r +/3(5o((u|r)t) = 5o(u|r) mL'(ri), a.e. in (S>,Tmax)- 


If {uqjUi) G n X and (1.17) holds, then (1.18) becomes 

u G L^([0, ^ ^ 77i;™’'‘) n T,r.ax); 77°). 


The regularity (1.17) is improved, depending on the growth of Pq, Qq, as follows. 


Theorem 1.4 (Regularity II). Suppose that (TII) and (1.8) hold true, that B is 
and To n Ti = 0. Moreover suppose that 

(1.20) 1 < m < and 1 < fi < r^. 


Then for initial data satisfying ( [IT^ -( |1.17| ) the weak maximal solution u of prob¬ 
lem ( [1.2| ) found in Theorem \l.l\ enjoys the regularity 

M G ( [0, Tmax) ; IT"’') n Ci ([0, r™„,) ; 77 I) n Cli[0, Tmax) ; 77 O). 


( 1 . 21 ) 

In particular, when 

(1.22) l<m<l-fr„/2. 


and l</r<l-|-rj,/2. 
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for initial data {uo,ui) G x we have the optimal regularity 
(1.23) U G ([0, Tma .); i?') n Ci([0, T^a .); i?') n ([0, -H^). 

Remark 1.2. In the particular case ( |1.22[ ) Theorem |1.4| sharply extends [HHl Theorem 
1 ], dealing with the case a = 0, Pq = fo = 0, P = 1, Qo{v) = \v\^~'^v, go(u) = 


The main difficulty in the proof of Theorems |1.3|-|1.4| consists in getting the regu¬ 


larity with respect to the space variable on Ti expressed by (1.211, especially when 
(1.20) fails to hold and fl is merely C^. 


The third aim of the paper is to show that, under suitable assumptions on the 


nonlinearities involved beside (I-II) and (1.8), the semi-flow generated by problem 


1.1 

1.2 

Tl — 



these assertions hold 


in X for {p, 9) verifying (1.13). By Theorems 

true if and only if T^ax = oo for all {uq, ui) G x 7 ? . 

To motivate the need of additional assumptions we shall preliminarily show that 


assumptions (I-II) and (1.8) do not guarantee by themselves that all solutions are 
global in time, since in some cases they blow-up in finite time. To shortly prove 
this assertion we temporarily restrict to linear damping terms, that is we replace 
assumption (I) with the following one: 

(I)' Poiv) = Qo{v) = V for all u G K. 


To state our blow-up result we introduce 

pU pU 

(1.24) ^o{u)= / fo{s)ds, ©o(u) = / 9 o{s)ds for all u G M, 

Jo Jo 

and we make the following specific blow-up assumption: 

(IV) (/o,5o) ^ 0 and there are p,q > 2 such that 

(1.25) fo{u)u Pp^oiu) > 0 and goiu)u >q&o{u) > 0 for all u G K. 
Remark 1.3. Clearly /i and gi in ( |1.3| ) satisfy (IV) if and only if 

(1.26) Cl = C2 = 0 , 7,7, ( 5,(5 > 0 , 7 + 7 + (5 + ( 5 > 0 , and p,q>2. 


We also introduce the energy functional Eq G x P[^) defined by 

(1.27) £o(wo,Ml) = xlluillffo +1 [ |Vuo|^ + | [ |VrMo|r— /'i?o(mo)— /" ©o(mo). 

^ Jn Jfi Jn Jfi 

Theorem 1.5 (Blow—up). Let (I/, (II), (IV) and (1.8) hold. Then 

(i) No := {{uo,ui) G X : So{uo,ui) < 0} 7 ^ 0, and 

(ii) for any (ug, ui) G Nq the unique maximal weak solution u of (1.1) blows-up 
in finite time, that is Tmax < 00 , and 

(1.28) lim ||M(t)||ffi + ||u'(t)|l_f 70 = lim |jM(t)||P + ||u(t)||« p = 00. 

f—^T~ f—^T~ 'i’ J- 

O ' m.n.T. O T J. 771,0,. 7 : 


Remark 1.4. When (/o,go) = 0 the set Nq is trivially empty, and all solutions are 
global in time, as it will be clear from Theorem |1.6| The two cases fg ^ 0, go = 0 
and fg = 0, go ^ 0, are of particular interest, since they show that just one source, 
internal or at the boundary, forces solutions to blow-up. 
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The proof of Theorem |1.5| is based on Theorem |1.1| and on the classical concavity 
method of H. Levine. In this way we give a first application of Theorem 0 

Theorem |1.5| implicitly suggests that all solutions of (0) can be global in time 
when /o and go are sinks, that is fo(u)u, go{u)u < 0 in K, or they are sources, that 
is fQ{u)u, gQ{u)u > 0 in K, with at most linear growth at infinity. It is reasonable 
to extend this conjecture to sums of terms of these types. Moreover nonlocalized 
damping terms, whose growths at infinity dominate those of the sources (when 
sources are superlinear), may also prevent solutions to blow-up in finite time. To 
treat all these cases in a unified framework we shall make, beside (I-II) and (1.8), 
the following specihc global existence assumption: 


(V) there are pi and qi satisfying 

(1.29) 2 < Pi < minjp, max{2,m}} and “2 < qi < min{q, max{2,/r}} 
and such that 

(1.30) lim ^o{u)/\u\^^ < oo and lim ®q{u)/\u\^^ < oo. 

|li|—)-oo |tt|—>-oo 


We also suppose that 

(1.31) essinfa > 0 if pi > 2 and essinfr^ /3 > 0 if qi > 2. 


Since do{u) = fo{su)uds (and similarly 0o), (V) is a weak version of the 
following assumption, which is adequate for most purposes and easier to verify: 


(V) 

(1.32) 


' there are pi and qi such that (1.29) holds with ( 1.31| ) and 

and 


lim fo{u)u/\u\^^ < oo 

|u|—>-oo 


lim gQ{u)u/< oo. 

\u\—>-oo 


Remark 1.5. Assumptions (II) and (V)' hold true when /o (respectively go) belongs 
to one among the following classes: 


(0) /o (respectively go) is constant; 

(1) /o (respectively go) satishes (II) with p < max{2,m} and ess info a > 0 if 
p > 2 (respectively q < max{2,p} and essinfri /? > 0 if q > 2); 

(2) fo (respectively go) satisfies (II) and it is a sink. 

More generally (II) and (V)' hold when 

(1.33) /o = /o+/o+/o^ and qo = ffS + 5o + 5o: 

where /g and qj are of class (i) for z = 0,1,2. 

Remark 1.6. One easily checks that fi in 0 satisfies (II) and (V) if and only if 
one among the following cases (the analogous cases apply to qi) occurs: 

(i) 7 > 0, p < max{2, m} and ess info a > 0 if p > 2; 

(ii) 7 < 0, 7 > 0, p < max{2, m} and ess info a > 0 if p > 2; 

(iii) 7,7 < 0. 


^ Actually (V)^ is more general than (V). Indeed, when /o(w) = (m + l)|u|’^“^ucos 
and go{u) = (fi l)|u|^“^ucos ( |1.32[ | holds only for > m + 1, qi > + 1, while ( |1.30^ 

does with pi = qi = 2 . 

^ Actually all functions verifying (II) and (V)^ are of the form | |1.33| l, where /q are Qq are 
sources. See Remark 6.3 
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Our global existence result is the following one. 


Theorem 1.6 (Global existence). Let (I-II), (V) and (1.81 hold. Then for any 
{uo,ui) G X the unique maximal weak solution u of (1.1) is global in time, 
that is Tmax = 00 . Consequently the semi-flow generated by problem (1.2) is a 
dynamical system in x and, when also (III) holds, for (p, 0 ) 

verifying (1.13). 


Remark 1.7. Comparing Remarks |1.3| and |1.6| i t is clear that, when Pi and Qi 
are linear (hence m = p = 2), fi and gi in (|1.3[) cannot satisfy (IV) and (V). By 


integrating (1.25) one easily sees that the same fact holds for /o and go, so the 


assumptions sets of Theorems |1.5| and 1.6 have empty intersection, as expected. 
Moreover, since when m = p = 2 and 7 = (5 = ci=C 2=0 then (V) holds if 
and only if p = 2 when 7 > 0 and q = 2 when S > 0 , comparing with (1.26) 


and remembering that p < p and q < q, we see that Theorem 1.6 is sharp when 
damping terms are linear and sources are pure powers. The author is convinced 
that Theorem |1.6| is sharp also when sources are not pure powers and damping 
terms are nonlinear. He intends to study this topic in a forthcoming paper. 


The proof of Theorem 1.6 relies on Theorems 1 1.1 1 and 1.2 (so we are giving another 
application of them), on a suitable auxiliary functional inspired by |28j and on 
suitable estimates. 

The paper is organized as follows: in Section we introduce some background 
material, we set up the functional setting used and we prove a couple of preliminary 
results, one of which concerning weak solutions for a linear version of (1.1). In 
Section|^we state our main local well-posedness result for (I.l) and a slightly more 
general (and abstract) version of it, which contains Theorems Oil ^ as particular 
cases. They are proved in Section]^ Section [5] is devoted to regularity results for 


and global existence results for problem ( 1.1 


problem (|1.1[) and the proofs of Theorems 1.3 ■ 1.4 In Section|^we give our blow-up 


and the proofs of Theorems 1.5-1.6 


Finally, Appendix deals with abstract Cauchy problems for locally Lipschitz 
perturbations of maximal monotone operators, while in Appendix we give the 
proof of the isomorphism property of the operator —Am + / on a manifold M. 


2. Background and preliminary results 

2.1. Notation. We shall adopt the standard notation for functions spaces in H 
such as the Lebesgue and Sobolev spaces of integer order, for which we refer to 
[1]. All the function spaces considered in the paper will be spaces of real valued 
functions, but for Appendix where complex-valued functions will be considered. 
Given a Banach space X and its dual X' we shall denote by {■,-)x the duality 
product between them. Finally, we shall use the standard notation for vector 
valued Lebesgue and Sobolev spaces in a real interval. 

Given a G L°°{n), fl G L°°(F), a, /? > 0 and p G [1, 00 ] we shall respectively denote 
by (L^(H), INI,), (LP(r), ||.||,,r), {Lp{Ti), ||.||,.rj, (L'’(L!; A„), |M|p,<,), {LP{T-\p), ||. 
||p./ 3 .r) and {LPfTi] Xp), || • ||p,/ 3 ,ri) the Lebesgue spaces (and norms) with respect to 
the following measures: the standard Lebesgue one in LI, the hypersurface measure 
(T on F and Fi, in fl defined (for Lebesgue measurable sets) by dXa = Xadx, 
Xp on F and Fi defined (for a measurable sets) by dXp = Xpda. The equivalence 
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classes with respect to the measures Aq, and \p will be respectively denoted by [•]„ 
and As usual p' is the Holder conjugate of p, i.e. 1/p -\-llp' = 1- 

Finally r > 0 will denotes, when r ^ No, the fractional Sobolev (Sobolev- 

Slobodeckij) space in Q and H^{n) = See [HES] or [59]. 

2.2. Sobolev spaces and Riemannian gradient on F. The Sobolev spaces on 
F are treated in many textbooks when F is the boundary of a smooth open bounded 
set n C or more generally a smooth compact manifold, the non-optimality of 
the smoothness assumption being often asserted. See for example [35114111^1^1160] . 
An exception is given by [33], so referring to it, when F = dil and H is C^, fc S N, 
F' is a relatively open subset of F, p G (1, oo) and 0 G [—fc, k], we shall denote by 
W^’P{T') {H^ = the space defined through local charts, making the reader 

aware that distributions in F' are elements of [C'g(r')]'. One sees by elementary 
considerations that this approach is equivalent to the one used in [41| in the smooth 
case, with local charts and partitions of the unity, and moreover both extend to 
compact manifolds. 

We also recall (see [531 Theorem 1.5.1.2 and 1.5.1.3 p. 37]) the trace operator 
u I—>■ it|r which is linear and bounded from to and has a right 

inverse D G £(kF^“p’^(r), 1F^’'’(0)), i.e. (]D)'u)|r = u for all u, independently on p. 

We recall here, for the reader’s convenience, some well-known preliminaries on 
the Riemannian gradient, where only the fact that F is a compact manifold 
endowed with a (7° Riemannian metric is used. In Appendixthese preliminaries 
will be used for abstract compact manifolds M. We refer to m for more details 
and proofs, given there for smooth manifolds, and to [54j for a general background 
on differential geometry on manifolds when fc G N. 

We start by fixing some notation. We denote by (vOr the metric inherited from 
K^, with Hr = (•> Or, given in local coordinates (pi,.. .,yN-i) by 
We denote by da the natural volume element on F, given by i/p dyi A ... A dy^-i, 
where g = det{gij). We denote by (jOr the Riemannian (real) inner product on 
1-forms on F associated to the metric, given in local coordinates by (p*H = igij)~^- 
Trivially, as F is compact, there are Ci = Ci(r) > 0, * = 1, 2, 3, such that[^ 

(2.1) Cl < p < C2, and g^^U^j > cajH^ on F, for all ^ G 

We also denote by dr the total differential on F and by Vr the Riemannian gradient, 
given in local coordinates by Vrw = p*-’ djU di for any u G i7^(r). It is then clear 
that ((irw|drr)r = (Vru, Vrr’)r for u,v G so the use of vectors or forms 

in the sequel is optional. It is well-known (see m in the smooth setting, and the 
recent paper [33] in the setting) that H^(r) can be equipped with the inner 
product and norm, equivalent to the standard one, given by 

(2.2) (u,i;)ffi(r) = y uvda + J (Vrw, Vru)r cJcr, IHII^qr) = IHlIz.r + ll^rMlI^.r 

for u,v € where ||Vrri||2 r ■= fr l^r^lr- 


^here and in the sequel the summation convention is used 
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In the sequel, the notation da will be dropped from the boundary integrals; we 
hope that the reader will be able to put in the appropriate integration elements in 
all formulas. 


2.3. Functional setting. We start by giving some details on L'^P{ fl) and L^’'’(ri), 
which definition can be extended to p = oo by setting, for any p G [1, oo], 

L^in) = {u€ L\n) : e LP{n, a,,)}, || • b.p.c = II • II2 + II [-Icllp.a, 

lY{T,) = {uG : [u]0 e LP{T„Xp)}, || • b.p.p = || • b.r, + UMpllp.p.r,. 

Since the case 1 < p < 2 reduces to p = 2, we shall consider 2 < p < oo in the 
sequel. As u i-A (m, [uja) isometrically embeds L'^'P{VL) into L^(r2) x L^(f2, Ac) (the 
same argument applying to L^’^(ri)), they are reflexive spaces provided p < oo. 

Moreover we have the trivial embeddings LP{XV) ^ L‘^f{fl) and L^(ri) ^ 
which are dense by m Theorem 1.17, p. 15] and Lebesgue Dominated Convergence 
Theorem in abstract measure spaces. For the same reason [•]„ S L^(r2, A^)) 

and [-jp G £(L^’^(ri), L^(ri, Ap)) have dense ranges. Hence by [111 Corollary 2.18, 
p.45] their Banach adjoints are injective. Consequently, making the standard iden¬ 
tifications 


(2.3) [LP{n)]'c^LP'in), and [L'>(ri)]'~ (Ti), 

when p G [2, oo) we have the two chains of embeddings 

(2.4) [LP{n,X^)r ^ [L^^Pmr ^ LP'{n), [L"(ri,Ap)]' ^ [Ly{T,)r ^ Lp'{T,). 
Next, given p,0 G [2, oo) and —oo < a < b < oo we introduce the Banach space 

(2.5) Ll;Pf{a,b)=LPia,b-Lyin)) x ia,b ■ [T^)) 

with the standard norm of the product. Clearly it is reflexive and 

(2.6) [A^’r/(a,6)]' o. Lp'{ a,b x L^'{a,b;[Ly (T,)]'). 
Consequently, by ( |2.4[ )- p(^ we have the embedding 

(2.7) LP\a, b ; [L^(0, A„)]') x (a, b ; [L®(ri, Ap)]') -A [T^("/(a, 5)]'. 

We now give some details on and introduced in Section The standard 
scalar product of will be denoted by (•, ■)ho, The space introduced in (1.5) 
will be endowed with a scalar product which induces a norm equivalent to the one 
inherited by the product. We recall [HI Lemma 1] that the space 

H\n-,r) = {(M,n) G H\n) x H\r) u = U|r} 

can be equipped with the scalar product 

(2.8) (w,u)//i( 0 ;r) = / VuVn-f / (Vru, Vrr^)r + uv, u,v G H^{fl;T). 

Jn Jr Jr 


'^{LP(Q,\a)\' and [LcfFijAp)]' cannot be identified with LP (f2,Ac,) and LP (FijAp), since 
these identifications would be incoherent with 

®the proof does not depends on the regularity of Q asserted there 
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Since is actually a closed subspace of Vrw = 0 a.e. on the relative 

interior of Fq, that is on F \ Fi, and cr(Fo H Fi) = 0, we can equip with the 
scalar product 


(2.9) {u,v)h^ = / VmVi; + / (Vrw, Vru)r+ / uv, u,vGH^. 

Jo, Jri Jfi 

The related norm will be denoted by || • ||//i. Finally the definition of given 

in (1.6) can be extended also when p = oo and 0 = oo, and it is a reflexive space 
provided p,6 £ [2,oo). 


The relations among the spaces introduced above when p,9 ^ [2, oo], are given by 
the following two chains of trivial embeddings 


( 2 . 10 ) 


H°, 


and Hl; f -A Ll;P{n) x (Fi) -A H°. 


At a first glance they are all trivially dense when p,0 G [2, oo) since is dense 

in H^{n) and in while C'^(F) is dense in H^(T) and in T^(F). A more careful 

check of this argument would convince the reader that, even in the simpler case 
Fq = 0, the density of C°°(n) in and of C^(F) in iF^(F) does not trivially 

implies the density of {(^,11) € (7^(11) x C'^(F) : v = U|r} in See also [Ml 

Remark 2.6] and [201 Lecture 11]. For this reason we give the following result. 


Lemma 2.1. Let a G (3 G L°°(Fi), a,/3 > 0, and p,9 

j^i,x,oo ggrise in both L'^p{LI) x L^’^(Fi) and 
in (2.10) are dense. 


G [2,00). Then 
Then all the embeddings 


Proof. We first claim that is dense in L^p{LI) x L|’®(Fi). By (2.4) our 

claim follows once we prove that, given {tpjtf) G (fl) x L® (Fi) such that 


( 2 . 11 ) 


ipu + / tpu = 0 for all u G Hi\ 


1 , 00,00 


then {ip, Ip) = 0. Taking u G (fl) in (2.11) we immediately get that 95 = 0, hence 
(2.11) reduces to /p^ %pu = 0 for all u G Next, given any w G C,i(F \ Fi), 

trivially extended to v G C'^(F), we have v G iF^(F) n (T), hence Di; G 

(ri), so Du G H^{n) n C(n) by Morrey’s theorem, hence Dw G It 

follows that Jp^ i/jti = 0 for all n G C(](F \ Fi), so ^ = 0 a.e. in F \ Fi, from which, 
as cr(Fo n Fi) = 0, we get i/’ = 0, concluding the proof of our claim. 

To prove that is dense in we use a classical truncation argument. 

Given u G and fc G N we respectively denote by and (w|r)^ the truncated of 
u and M|r given by 


( 2 . 12 ) 



if |m| < fc, 
if ImI > k, 


hr)'= = 


fu|r if|w|r|<^, 

[fcu|r/|M|r| if|w|rl>^, 


or = k — [2k — (u + fc)^]^ and (u|r)^ = k — [2k — (u|r + k)~^]'^. Trivially 
yfc g L°°{i}) and (u|r)^ £ L°°(F). Moreover using [M] Lemma 7.6] first in and 
then in coordinate neighborhoods on F, we get that G iF^(n), (n|r)^ £ F7^(F), 


(2.13) Vu^ = 


Vu if |u| < k, 
0 if |u| > k, 


and Vr(M|r)^ = 


_ fVrW|r if |M|r| < k, 

lo 


if 


M|r 


> k. 
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Now we note that 

(2.14) (w|r)'= = «'=|r, 

which is trivial when u G n (7(11), while in the general case u G it follows by 
approximating n by a sequence {un)n in such that —)■ u in H^(fl) (see 

[THl Corollary 9.8, p. 277]). By (2.14) then we have G for all fc G N. We 

now note that, by (2.12)-(2.13) and several applications of the Lebesgue Dominated 
Convergence Theorem, we get —)• u in as fc —>■ oo. Hence is dense 


in H 


i,p,e 


OL,^ ■ 


Finally we note that the density of the embeddings in (2.10) follows from previous 
statements since C and = L^’^(H) x L^’^(ri). □ 


Using (2.10) and Lemma 2.1 and making the identification {H^Y ~ which is 
coherent with (2.3), we have the two chains of dense embeddings 

(2.15) Hl’f ^ ^ hO - {H°y ^ ^ , 

Kf X L^iTi) {H^y ^ [Ly{n)r X [L^’^(ri)]' {Hlfy 

and, by (p(4|, 


(2.16) [L'^in, A„)]' X [L^(ri, A;3)]' ^ [L^mr x [L^’'’(ri)]' {H^yy. 


rl.p.Sy 


now con- 


2.4. Weak solutions for the linear version of problem ( |1.1[ ). We 

sider the linear evolution boundary value problem 

Utt — Am = ^ in (0, T) x fl, 

M = 0 on (0, T) X Fq, 

Utt + d,yU — ArM = 77 on (0, T) X Fi, 

where 0 < T < 00 and ^ = ^(t, x), rj = rj(t, x) are given forcing terms of the form 
'C = ei+a6, iiGL\Q,T-L\n)), 6 G (0, T; A„)), 

,V = m+PV2, 7?i GLi(0,T;L2(ri)), ,y2GL«'(0,T;L®'(Fi,A^)), 

where a G L°°(f2), {3 G L°°(ri), a,/3>0 and p,0G [2, 00 ). 


(2.17) 


(2.18) 


To write (2.17) in a more abstract form we set A G by 

(2.19) {Au,v)h^ = / VmVm-|- / (VrM,VrM)r, for all m, u G 

Jn JTi 

Moreover we denote Si = ($ 1 , 771 ) G L^{0,T-, H^) and we define S 2 G [L^’^’®(0, T)]' 
by setting (S 2 (t), = J^a^2it)4> + J^^Pr] 2 {t)y’ for almost all t G 

(0,T) and all $ = ($>, 7 /!) G x L^’®(Fi). By (2.15) we set S = Si -|-S 2 G 

Li(0,T; [L2.P(fl)]'X [L^’^(ri)n. 

The following result characterizes solutions of u in the sense of distributions. 


Lemma 2.2. Suppose that (2.18) holds and let 

(2.20) uG L°°{0,T;H^)nW^’°°{0,T;H°), m'G L^;^’®(0,T). 

Then the following facts are equivalent: 
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(i) the distribution identity 


(2.21) f \-(u',(I)')ho+ [ VuVct>+ f (VrM,Vr</>)r- / - / 

J 0 , ^ 1 ^ 1 


T](j) 


= 0 


( 2 . 22 ) 


holds for all cf € Cc{{0,T); H^) n ^^((O, T); 7J") n L^(^/(0, T); 

(ii) u'eW^’\0,T-[Hiy]') and 

u''{t) + Au{t) = E{t) in for almost all t G (0,T); 


(iii) the alternative distribution identity 


(2.23) {u',ct>)HO 


rT r- 


-{u\f>')HO + {Au,(I))h^ - (S, 

2 ,p,e 


= 0 


holds for all </> G ^([0, T];H^)r\ ^^([O, T]-,H°)r\ (0, T). 

Moreover any u satisfying (2.20) and (ii) enjoys the further regularity 
(2.24) u G C([0, T]-H^) n C^([0, T]-H°) 

and satisfies the energy identity 


(2.25) 
for 0 < s < t < T. 


-||w'||^o + -(Au,u)hi 




Proof. Let us denote X = . We first claim that ( |2.24[ )-( |2.25[ ) hold for any u 

satisfying (ii). To prove our claim we apply |55[ Theorems 4.1 and 4.2]. Referring 
to the notation of the quoted paper (but adding a~on the notation of the spaces) 
we set 


V = H^ 


H = H^ 


W = L2.P(f^)xLf(ri), 


Z = Ll;^\0,T), 


while A{t) = A is defined by (2.19). To check the structural assumptions of [35] 
p.545] we note that V and W a re both contained in H and X = V CiW is dense in 
both V and W by Lemma 2.1 Moreover, by (2.5)-(2.6) we have Z C L^(0,T\W) 


and Z' C L^{0,T-,W') as dense subsets with continuous inclusions. Trivially for 
any w G Z and v G Z' we have {v,w,)^ = (v(t), w(t)}-^ dt so [531 (3-1)] holds. 

Next multiplications by step functions trivially maps Z into itself and translations 
in t are continuous in the strong operator topology of Z thanks to the extension of 
[M Lemma 4.3, p.ll4] for vector-valued functions. The specific assumpt ions for 
[551 Theorems 4.1 and 4.2] are satisfied since V is dense in H by Lemma 
is contained in H and 


2.1 


W 


(3.5)] holds by (2.9) and (2.19). Since 
case reduces to (2.22[), the proof of our first claim is completed. 


(4.1)] in this 


Next we claim that 
identity 

(2.26) (u',0)x^4 


and (ii) are equivalent each other and with the distribution 


rT , 


-{u\(jf)H0 + {Au,(j))Hi - (2,0) 2,p 




= 0 


for all (j) G C^{[0,T]- X). Indeed if u satisfies (i) then by taking test functions (f in 
the separate form (j){t) = tp{t)w, if G ^“(O, T), w G X, from (2.21) we immediately 
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get that —uip' + {Au — cL)'ip = 0 in X' , from which (ii) follows. Conversely, if 
(ii) holds then, by a standard density argument in we get that for 

any cj) G T]] X) we have (u', (jjjx € T) and 


(2.27) 


) 4 ^) X' ~ ’ 44 ) X 


y, (4') 


X 


a.e. in 


(0,T). 


Then, evaluating (2.22| with 0 G C'^([0,T];X), integrating in [0,r] and using 
(2.27) we get (2.26). By (2.26) we immediately get that that (2.21) holds true 
for any (j) G C'^((0,T);X) and then, by standard time regularization, for any (j) G 
C'c((0, T); H^) n ^^((0, T)]H^) n T), so completing the proof of our claim. 

Since (hi) trivially implies (i), the proof is completed (thanks to our second claim) 


provided we prove that if (2.26) holds for all (j) G C'^([0,r];X) then (2.23) holds 
for all (j) G ^([O, T]-H^) n C \[0,T ]]H°) n T). Since by ( p)^ the identity 


(2.26) can be rewritten as ( |2.23 ), we just have to prove that we can take less 
regular test functions in it. By standard time regularization one easily get that 
(2.23) holds for any (j) G (7(151; 77^) (7 (7^(M;i7°) C oo, oo), so our claim 

follows since any (j) G (7([0, T]; 77^) (7 (7^([0, T]; 77°) 7 L^’^’®(0,r) can be extended 
to ^G (7(K; 77^)7 (7HR; 770)7 L^(^/(-oo,oo)|^. □ 


3. Well posedness in X 77° and in X H°: statements 


In this section we state our main well-posedness result for problem (1.1) and a 
slightly more general (and abstract) version of it. With reference to (1.1) we now 
introduce our main assumptions on the nonlinearities in it, starting from P and Q. 


(PQl) P and Q are Caratheodory functions, respectively in 17 x M and Ti x K, 
and there are a G L°°(17), /3 G 77°°(ri), a,/3 > 0, and constants m,^> 1, 
Cm, > 0 such that 

(3.1) \P{x,v)\ < CmC({x){l + |c|"*“^) for almost all x G 17, all z; G K; 

(3.2) \Q{x,v)\<c^j3{x){l + \v\^~’^) for almost all x G Ti, all u G K. 

(PQ2) P and Q are monotone increasing in the second variable for almost all 
values of the hrst one; 

(PQ3) P and Q are coercive, that is there are constants c'^,y > 0 such that 

(3.3) P{x,v)v > c'^a{x)\v\^ for almost all a; G 17, all u G M; 

(3.4) Q(x,v)v > c'^P{x)\v\^ for almost all x G Pi, all v G K. 


OOne first defines (/>i e C{[-T/2,3T/2y, H^) n C^(l-T/2,3T/2]-, n L^’C’®(-r/2,3T/2) as 

U{t) ifte[o,T], 

= I 34>{-t) - 24,{-2t) lit e [-r/2,0],. 

[ 3<;4(2T - t) - 24>{3T - 2t) if t e [T, 3r/2], 

Then one sets 4j> e Cc((-r/2, 3r/2); iyl) n Cl{{-T/2,3T/2y, H°) n {-TI2,3T 12) as ^ = 

bo^i where ipo g Cy° {—T/2,3T/2) and z/io = 1 in [0, T]. 
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Remark 3.1. Trivially (PQl-3) yield P{-,0) = 0 and Q(-,0) = 0. Moreover in the 
separate variable case considered in problem (HI, that is P{x,v) = a{x)Po{v) and 
Q{x,v) = P{x)Qo{v) with a S L°°(r2), /3 e L°°(ri), a,l3 > 0, (PQl-3) reduce to 
assumption (I). 

Referring to (PQl) we fix the notation 

(3.5) m = max{2, m}, Jl = max{2,/r, }, W = x X = , 

so (2.15) and the subsequent embedding read as 

X -AlP -Air' -AX'. 


(3.6) 


Moreover, for —oo<a<b<oo, we denote 

Z{a, b) = T'’J’^(a, 6 ), and Z'{a, b) = [Z{a, 6 )]'. 

By (PQl) the Nemitskii operators P and Q (respectively) associated to P and Q 
are continuous from U^{kl) to L™ ( 11 )) ~ [L™( 11 ))]' and from L'^(ri) to (Pi)) — 
[L'^(ri))]'. By (PQl) they can be uniquely extended to 

(3.7) P:L^>^(11)^ [L^(11,A„)]' and Q ■. lY{T^) ^ [L^{T^,Xp)y 

given, for u G v G L™(11, Ac), w G L^’^(ri) and z G L'^(ri, A/ 3 ), by 

(3.8) {P{u),v)Lrrz(a,\^)= j P{-,u)v and {Qiw),z)L-p(ri,\^)= Q{-,w)z. 

Jn JTi 

We denote 

(3.9) B={P,Q)-W^ [L“(ll, A„)]' X [L^(ri, A/,)]', 

and we point out some relevant properties of B we shall use in the sequel. 

Lemma 3.1. Let (PQl — 2) hold and {a,b) C M is bounded. Then 

(i) B is continuous and bounded from W to [L'"(n, Aq,)]' x (Pi, A/ 3 )]' and 
henee, by (2.16), to W; 

(ii) B acts boundedly and continuously from Z [a, b) to L'^ {o-,b; [L™(11, Aq-)]') x 
L'''(o, 6 ; [L'‘(ri, A^)]') and hence, by ( |2.7[ ), to Z'{a,b); 

(hi) B is monotone in W and in Z{a,b). 

Proof. We shall prove the properties listed above only for P, since the same argu¬ 
ments apply, mutatis mutandis, to Q. As to (i) we note that the fact that P is well- 
defined and bounded follows from (3.1) and Holder inequality. Moreover, since the 
classical result on the continuity of Nemitskii operators (see [31 Theorem 2.2, p.l 6 ]) 
trivially extends to abstract measure spaces, the Nemitskii operator associated 
to Pa = P/a (which is defined A^ - a.e. in H) is continuous from L"^{Ll,Xa) 
to P™ (H, Aq). By the form of the Riesz isomorphism between P™ (kl,Xa) and 
[P'"(H, Aq)]', since [•]„ G £(P^’™(H), P'"(H, A^)), we get (i). To prove (ii) we note 
that the boundedness of B, almost everywhere defined in (a, b) by ( |3.9| ), is a trivial 
consequence of (PQl) and Holder inequality once again. To prove the asserted 
continuity we note that, by repeating previous argument, the Nemitskii operator 
Pa associated to Pa = P/a is continuous from L™{{a, b) x H, X'a) {X'a denoting the 
product of the 1 - dimensional Lebesgue measure and A^) to P™ ((a, 5) x Ll,X'^). 
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Since for any p G [l,oo) one can prove as in the standard case, by the density 
of Cc{{a,b) X Q) in L'^'{{a,b) x fl, X'^) (cfr. [JTl Theorem 1.36 p. 27 and Theo¬ 
rem 3.14 p. 68]), that 

(3.10) LP{{a, b) X n, A'„) cs LP{a, b; A„)), 


we then get that P is continuous from L'^{a, b- L™(r2, A^)) to L^{a, b\ [L™(f2, A^)]') 
and then by (2.4| we get (ii). Finally (iii) trivially follows from (PQ2). □ 


We introduce the following assumption, which will be used only in the last part of 
the proof of Theorem |3.2| below: 

(PQ4) \im> there are constants Mm > 0 such that 

(3.11) Py{x,v) > c'ma{x)\v\^~'^ for almost all (x, i;) e n X (M \ (—Mm, Mm)), 
and ii p> there are constants c", M^ > 0 such that 

(3.12) Qy[x,v) > c"/3(a:)|u|^“^ for almost all {x,v) S Pi x (M\ (—M^,M^)). 


Remark 3.2. Since by (PQl-2) the partial derivatives Py and Qy exist almost 
everywhere (see [22]) and are nonnegative, ( |3.11 )-( |3.12 ) always hold if one allows 
Cm and c" to vanish, and the assumption (PQ4) reduces to ask that if m > 
then there is Mm > 0 such that one can take Cm > 0 in ([311] ) and ii > Ty 
then there is M^ > 0 such that one can tak e c" > 0 in ( |3.12 ). Moreover, in the 
separate variable case considered in problem (1.2), that is P{x,v) = a{x)Po{v) and 
Q{x,v) = P{x)Qo{v) with a G /3 G L°°(Ti), a,(3 > 0, (PQ4) reduces to 

(III). 


Remark 3.3. We remark here, for a future use, some trivial consequences of as¬ 
sumptions (PQl-4). Setting Cm = 0 when m < and (3^ = 0 when p, < r,,, since 
Pv,Qv > 0 a.e., from (PQ4) we have 

(3.13) Py{x,v) >a(x) [cm|c|™“^ — c'^ for almost all (x,v) € x K, 

(3.14) Qy{x,v) >l3{x) [c"|u|'^“^ — c"'] for almost all {x,v) G Pi x K, 


where c'm = Cm^m = c"M^ By (PQ2) then, integrating (3.13) we get, 

for almost all x G 12 and all c < w, 


(3.15) P{x,w) — P{x,v) > a(x) 


m — 1 


(I 


w\ 


w 


I 1771 — 2 \ /ff / \ 

-kl v)-Cm[w-v) 


Consequently, using when m > the elementary inequality 


{\wr-^W - \vr-^v) iw-v)> P;n\w - V\ 


for all v.w G 


where c))( is a positive constant, setting — 1), from (3.15) we get 

(3.16) a{x')\v — w\^ < CmOi{x)\v — icp -f {P{x,w) — P{x,v)){w — v) 

for almost all a: G f2 and all v,w G^, with > 0 when m> r^. Using the same 
arguments we get the existence of c^” > 0 such that 

(3.17) Cfj" f3{x)\v - w\^ < c'"/?(x)|c - uip -I- {Q{x,w) - Q{x,v)){w - v) 


for almost all x G Pi and all u, ic G K, with c^ >0 when Ty. 


Our main assumptions on / and g, are the following ones: 
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(FGl) / and g are Caratheodory functions, respectively in x K and Fi x K, and 
there are constants p,q >2 and Cp,Cq > 0 such that 

(3.18) \f{x,u)\ < Cp(l + for almost all a: G all m € K, and 

(3.19) |g(a;, w)! < Cq(l + for almost all a: G Fi, all u G K; 

(FG2) there are constants c),, > 0 such that 

(3.20) \f{x,u) - fix,v)\ <Cp\u-v\{l + + \v\P~^) 

for almost all a: G fl, all at, u G K, and 

(3.21) \g{x,u) - g{x,v)\ <c'g\u - v\{l + + \v\'^~'^) 

for almost all a G Fi, all u,p G K. 


Remark 3.4. Assumptions (FGl-2) can be equivalently formulated as follows: 

(FGl)' / and g are Garatheodory functions, respectively in 12 x K and Fi x M, 
/(a,-) G (^{^^’^(K) for almost all a G 12 and g{x,-) G (^{^’^(IR) for almost all 
a G Fi; 

(FG2)' /(•,0) G L°°(12) and g{;0) G 

(FG3)' there are constants p,q>2, Cp, Cq > 0 such that 

\fuix,u)\ < Cp{l + |u|^“^), for almost all (a,it) G 12 x M, and 

\gu{x,u)\ < c^(l + \v\‘‘~'^) for almost all (a, it) G Fi x M. 


Indeed by (FGl-2) we immediately get (FGl-2)'. Moreover, by (FGl)' /„ and 
gu exist almost everywhere so (FG3)' follows. Conversely one gets (FGl-2) by 
simply integrating (FG3)' with respect to the second variable in the convenient 
interval. 


In the case considered in problem (1.2), i.e. /(a, it) = /o(ii) and g{x,u) = go{u), 
assumptions (FGl-2) then reduce to (II). Other relevant examples of functions / 
and g satisfying (FGI-2) are given by 


13 22 ) •^2(2:, m) =7i(2;)|Mr ^w + 72(a;)|w|P ^11 +73(a), 2 < p < p, 7^ G L°°( 12 ), 

P2(a,ii) = Si{x)\u\^~’^u + S2{x)\u\'^~^u + S^ix), 2 <q < q, Si € L°°(Fi), 

and by 

(3.23) /3(a,M) = 7(a)/o(M), g 3 {x,u) = S{x)go{u), 7 G L°°( 12 ), S G L°°(Ti), 

where /o and go satisfy (II). 

In line with Sobolev embedding of the source / can be classified (see [T^) as 

subcritical (or critical) when 2 < p < I + rj^/2, supercritical when l + rj^/2 < p < 
and supersupercritical when p > The source g can be classified in the same way 
referring to . This paper is devoted to the case when both sources are subcritical 

^^the fact that measurable functions in an open set, which are locally absolutely continuous 
with respect to a variable, possess almost everywhere partial derivative with respect to that 
variable is classical, as stated for example in [431 p.297]. However the sceptical reader can prove 
it by repeating [221 Proof of Proposition 2.1 p. 173] for Caratheodory functions, so getting the 
measurability of the four Dini derivatives. Hence the set where the derivative does not exist is 
measurable and finally it has zero measure by Fubini’s theorem. 
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(or critical), that is (1.8) holds. In this case is easy to see, using Holder inequality 
and Sobolev embedding, that the Nemitskii operators / : H^{n) —>■ L'^{n) and 
g : H^{T)r\L'^{Ti) —)■ L^(ri) respectively associated to / and g are locally Lipschitz. 

To precise the meaning of weak solutions of problem we first note that, by 
(FGl-2) , for any u satisfying (2.20), denoting u' = we have f{u) G 

L^(0, T; L^(H)) and g(w|r) G -^^(0, T; L^(ri)). Moreover, by Lemma 3.1 P(Mt) G 


L™'(0,T;[L™(H,A„)n and Q(u|r)t) G (0, T; [L'^jTi, A„)]'). Then, by ( |tTo1 ), 
P{ut) = a ^2 and <5(M|r)t) = P m, with ^2 G L™ (0,T;L™ (Al, Aq)) and 772 G 
{0,T]LP (Ti, A/ 3 )). By previous remarks and Lemma ) 
makes sense. 


2.2 


the following definition 


Definition 3.1. Let (PQl-3), (FGl-2) hold and uq G H^, ui G A weak 
solution of problem ( |1.1[ ) in [0,T], 0 < T < 00 , is u verifying (2.20)- (2.21) with 

(3.24) ^ = f{u) - P{ut), V = 9iu\r) - Qi{u\r)t), p = m and 9 =Ji, 

such that u(0) = uq and u'{0) = ui. A weak solution of (0 in [0, T), 0 < T < 00 , 
is M G which is a weak solution of ( |1.1[ ) in [0, T'] for any T' G (0, T). 

Such a solution is called maximal if it has no proper extensions. 


Remark 3.5. The introduction of Definition |3.1| is justified by the fact that, when 
F is C^, any u G x D) is a weak solution of O) if and only if it is a 

classical one. 


Remark 3.6. It follows by Lemma 2.2 that any weak solution of (1.1) in dom u = 
[0,r] or dom u= [0,T) enjoys the further regularity 

(3.25) u G (^(dom It; 7J^) n C^(dom rt; iL°), 

satisfies the energy identity 

n t 


(3.26) 


Ut 


+ / (ttir)? + / iVttp + / |Vru|^ 


/El 
rt V 


+ 


[ f P{-,Ut)ut 
J s j Q, 

Qi-, iu\r) t) iu\T) t - fi-,u)ut- g{-,u){u\T)t 

q Jn Jri 


= 0 


for all s,t G dom u, and the distribution identity 
iT' fT' r 


ut4>' 


iu\r)t(l) 


[ - [ Utpt- [ (u|r)t(<('|r)t + f 

Jo L Jn Jti Jn 

+ [ (Vru, Vr<(>)r + [ P(-,«*)<('+ [ QP, iuir)t)P - [ g{-,u)(j) 

Jti Jn JEi Jn JEi 

for all r G dom u and </> G C{[0,T']] H^) D C^{[0,r]-H°) n Z{Q,T'). 


= 0 


Finally we remark that when uq G for some finite p, 9 satisfying (1.13) then, 

as u' G L^(0, r'; for all T' G dom tt, one easily gets that u G T'] 


so 

(3.27) 


u G (7(dom 


We can now state our main local well-posedness result for problem (1.1). 
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Theorem 3.1. Let (PQl-3), (FGl-2), (1.8) hold, uq € and ui € Then 
problem has a unique maximal weak solution u = u{uq,ui) in [0,Tjnax), 

j;{uq,ui) > 0. Moreover 

lim ||M(i)||Hi + ||M'(t)||i/o = oo 

^ ^ '^max 


provided Tmax < oo. Next, if {uon,uin) —>■ (uo,ui) in x , denoting = 
w(uo„,Mi„) and = Tmaxiuon,Uin), we have 


(i) Tmax < lim inf„ and 

(ii) Un^u mC{[0,T*]-,H^)nC\[0,T*];H°) for all T* e {0,Tmax)- 


Finally, if also (PQ4) holds and (itoniWin, 
u'^ —>■ u' in Z(0,T*) for all T* G (0,T„ 

ri.P.e 


(mo,mi) in F[^ X we also have 
and consequently, i/(uon,Min) —> 

u in 


{uq,ui) in FI^^p X F['^ for some p,9 satisfying (1.13), we also have Un 
for all T* G {0,Tmax)- 


Theorem |3.1| is a particular case of an analogous result concerning a slightly more 
general and abstract version of problem O’ that is the abstract Cauchy problem 


(3.28) 


u” + Au + B{u') = F{u) in X', 
u(0) = Uq, M^(0) = Ml, 


where A and B are the operators respectively defined in (2.19) and (3.9), and 
F : is a locally Lipschitz map, that is for any i? > 0 there is L{R) > 0 

such that 


(3.29) ||i^(M) - J^(m)||^o < L(i?) ||m- mII^i provided ||m||^/i, HmH^i < i?. 


When (FGl-2) and ( |1.8[ ) hold, F = {f,g) satisfies (3.29). 

We first precise the meaning of strong, generalized and weak solutions of 


(3.30) 


+ Au + B[u') = F{u) in X'. 


Definition 3.2. Let (PQl-3) and (3.29) hold, and 0 < T < oo. 


(i) By a strong solution of (3.30) in [0,T] we mean u G W^’°° {0,T-, Fl^) n 

W^’°°(0, T; iL°) such that Au(t) + B{u'{t)) G and u'{t) G X for all 

t G [0,r] and (3.30) holds in almost everywhere in (0,r). 

(ii) By a generalized solution of ( |3.30 ) in [0, T] we mean the limit of a sequence 
of strong solutions of (3.30) in (^([O, T]; iJ^) fl C^([0, T]; 7J°). 

(iii) By a weak solution of (3.30) in [0,T] we mean u satisfying (2.20) with 
p = fh, 9 = ft and the distribution identity 

(3.31) f -{u',cI)')ho + {Au,(j))H^ + {B{u'),(j))w = [ {F{u),(j))H 0 

Jo Jo 

for all (jiG a((0,r);Lfi)nC'i((0,T);LfO)nZ(0,T). 


By a solution in [0, T), T G (0, oo], we mean u G LJ^j.([0, T)-,F[^) which is a solution 
in [0,r'] for any T' G (0,r). Such a solution is called maximal if has no proper 
extensions in the same class. 
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for any couple (m, v) of weak solutions the energy identity 
(3.32) ^\\w'\\jjo-\-l{Aw,w)H^ f{B{u)-B{v'),w')w = [ {F{u)-F{v),w')ho 

S Js Js 

holds for s,t G dom u H dom v, where w denotes the difference u — v. Finally also 
in this case (3.27) holds true for uq € with {p,9) satisfying (1.13). 

By previous remark the following definition makes sense. 


Definition 3.3. By a strong, generalized or weak solution of (3.28) we mean a 
solution of (3.30) in the corresponding class verifying also the initial conditions. 

Our main result concerning (|3.28 1 is the following one. 


Theorem 3.2. Let (PQl-3), (3.29) hold, uq € and ui G . Then problem 
(3.28) has a unique maximal weak solution u = u{uq,Ui) in ^,Tjnax), T^ax = 
Tmax(uo,Ui) > 0, which is also the unique maximal generalized solution of it. If 


(3.34) 


Uo G H^, ui G X, and Auq + B{ui) G 
-Amal 

hWllffi + \\u' 


(3.33) 

then u is actually the unique maximal strong solution of (3.28). Moreover 

,11 


lim 


\ho — OO 


provided Tmax < oo, and Tmax = oo when F is globally Lipschitz. 

Next, if {uon,Uin) -t iuo,Ui) in x H°, denoting = u(uo„,Ui„) and = 

Tmax{uOn,Uin), We haVC 

(i) Tmax < lim inf„ and 

(ii) Un ^ U m Ci[0,T*]; H^) n C^i[0,T*]; H°) for all T* G iO,Tmax)- 

Finally, if also (PQf) holds and (uon,uin) —t (uo,ui) in x we also have 
u'„ -G u' in Z{0,T*) for allT* G (0,Tmax)- Consequently, if {uon,uin) — t (mo,mi) in 


xi7° for some p, 9 satisfying (1.13), we also have Un u in (^([O, T*]; 


H 


for all T* G (0,Tmax)- 




Theorem |3.2| will be proved in the next section by transforming (3.28) in a first 
order Cauchy problem, applying nonlinear semigroup theory to it, and finally dis¬ 
cussing the relations between various type of solutions of (3.28). 


4. Well—posedness in X and in X H°: proofs 


We introduce the phase space for problem (3.28), that is the Hilbert space 

(4.1) n = X H°, 
endowed with the standard scalar product (•, •)« given by 

(4.2) { 111 , 1 / 2 )^ = {ui,U 2 )h^ + {vi,V 2 )ho ior all U, = {u„Vi), i = 1,2. 
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Moreover, using ( |3.6| ), we introduce the nonlinear operator A : D(A) CH 
(4.3) D{A) = {{u,v) £ y. X : Au + B{v) G H°}, 

= (au + B(u)) ’ 

and the abstract Cauchy problem 

iu' +AU + T{U) =0 inH, 

1 U{0) = UoGn, 


where X : H ^ H is any locally Lipschitz map. 

The meaning of strong and generalized solutions of ( |4.5| ) in [0, T], 0 < T < oo is 
standard (see [S31 Theorem 4.1 and Definition, pp. 180-183]), while by solutions in 
[0,r) we mean U G C'([0,T);H) which are solutions in [0,T'] in the corresponding 
sense for all T' G (0,T). Our main result on problem (|4.5[) is the following one. 


Theorem 4.1. Let (PQl-3) hold. Then the operator A +I is maximal monotone 
in TL, D{A) is dense in TL and A(0) = 0. Consequently, given any locally Lipschitz 
map J- ^ TL, the following conclusions hold: 


(i) for any Lfo G TL the problem ( |4.5| ) has a unique maximal generalized solution 
U = U{Uo) in [Q,Tmax), Tmax = Tmax{Uo), which is the unique maximal 
strong solution of it when Uq G D{A); 

(ii) limj_j^y- ||17(t)||^ = oo provided T^ax < oo, and T^ax = oo provided T is 
globally Lipschitz; 

(hi) if Uon -G Uq in TL then denoting Un = U{Uon) and = TmaxiUon), 
we have Tmax < 1™infn and Un ^ U in C{}Q,T ]-,TL) for all T* G 
{O^Tmax)- 


Proof. Step 1: .4. + / is monotone in TL. Let Ui = (ui, Vi) G D{A) for i = 1, 2. 
By ( |4.2[ ) and (4.4) 

(4.6) {A{U^)-A{U2),U^-U2)n 

= (^'2 - Vi,Ui - U 2 )h^ + {,A{ui - U 2 ) + B{vi) - B{v 2 ),Vi - V2)h0- 
Since Vi G X ior i = 1,2, by ( |3.6| ) we have 

(4.7) {A{ui - U 2 ) + B{vi) - B{v 2 ),vi - V 2 )ho 

= (4(ui - U 2 ),Vi - V 2 )m + {B{vi) - B{v 2 ),Vi - V 2 )w 


By plugging (2.9), (2.19) and ( |4.7[ ) in (4.6) we get 

{A{Ui) - A{U2), Ui - U2)h = [ {^ 2 - vi){ui - U 2 ) + {B{vi) - B{v2), vi - V2)w- 
By Lemma [0] -(iii), ( |2.9| ) and (4.2) we then get 

{A{Ui) - A{U2 ),Ui-U2)-h'> [ iv 2 - - U 2 ) 

JTi 

> -^Iki - ^2|llr, - Jlki - > -\\Ui - U2\\l, 


and then ^ + / is monotone. 
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Step 2: ^ + J is maximal monotone in H. By Step 1 and the nonlinear 
version of Minty’s theorem (see [S31 Lemma 1.3, p. 159]) this fact is equivalent to 


prove that Rg(M + 2/) = %. Consequently, by (4.3|-(4.4| we have to show that for 
all h^) € X the system 


(4.8) 


2u — V = 

2v + Au + B(v) = 


in Lfi, 
in X\ 


has a solution {u,v) G x X. Since X CL we can solve the first equation in 


u and plug u = \ {v + h^) in the second one. Hence to solve (4.8) reduces to prove 
that, for h?' = 2hP — Ah^ G (i^^)^ the single equation 

(4.9) Av + Av + 2B{v) = in X' 


has a solution v G X. Actually we claim that (4.9) has a solution for any /i^ G X' 


i.e. that the operator T : X ^ X' given by T = 4/ + A + 2B is surjective. 

We first consider, for the reader’s convenience, the simplest linear case when 
P{x,v) = a{x)v and Q{x,v) = /3{x)v. In this case clearly TO = m = /i = 7I=2, 
so A = and for all u,v G we have {T{u),v)x = o,{u,v), where a is the 
continuous bilinear form in given by 

a(u, u) = 4(u, u)//o + / VuVu + / VruVru + / auv + / /3uu. 

JQ. JTi Jn Jci 


Since, by (2.9), a{u,u) > ||u|P, a is coercive, so T is surjective by the Lax-Milgram 
Theorem. 


In the general case T is (possibly) nonlinear but, by (2.19) and Lemma 3.1-(iii). 


it is monotone being the sum of monotone operators. Moreover by Lemma 3.1 -(i) 


and (3.6) we have T G C{X,X'). Next, by (3.5) 


ll[^]a||m,a ^ || [^]q; || 2,a A ||[^]a||m,Q — || || cxd || "all 2 T ||[^]a||m,a: 

IIM/ 3 II/ 1./3 < |IH/3||2./3,ri + ||H/3lU,/3.ri < ll/3||oo,rilkl|2,ri + ||H/3lU,/3,ri 

for all u G and v G L^’^(ri). Consequently, by (1.6) and (3.5), there is 

Cl = ci(H, ||a||oo, ||/3||oo,ri) > 0 such that 

(4.10) ||u||x < Cidlullz/I + ||[u]a||m.a + IlM/slU./S.rJ for all u € A. 


On the other hand, by ( |2.9[ ) and (PQ3), for any it G A we have 

{T{u),u)x =MWfH 0 + [ |Vlt|'+ [ \XTu\l+2d^ f P{;u)u 
J ^ «/ r «/ r2 


(4.11) 


+2c; [ Q{;u)u > C2(||ll||?it + ||[lt].||“„ + ||M;3||;: 


where C 2 = min{4, 2c'^2c'^} > 0. By the elementary inequality a;® < 1 + x® for all 
0 < s' < s, X > 0, and discrete Holder inequality, from ( 4.11[ ) we get 

(4.12) {T{u),u)x > 3^~^°C2 (llullffi + IlMalU.a + IIM/3IU./3,ri )'"“ - 3 c2 


where = min{2,m,/i}. By combining (4.10) and (4.12), since > 1) we get 
that T is coercive, i.e. ||itn||x —>■ oo implies {T{un),u„)x/ |wn||x —>■ oo. Then our 
claim follows since monotone, hemicontinuous and coercive operators are surjective 
(see [SI Theorem 1.3 p. 40] or jTUl Corollary 2.3 p. 37]))13 


An alternative proof of this point is given in Remark 4.1 page 25 
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Step 3: ^0 = 0 and D{A) is dense in H. The first conclusion follows by (4.4) 
and Remark 


3.1 


To prove the second one we note that c X and 


by (PQl) we have ^1) c Consequently 

(4.13) {A + I)-\H°) X ^ 


Now p ^ ms dense in by Lemma 2.1 while (A +1) is dense in 

since is dense in {H^Y by (3.6) and A + I : —)■ {H^Y is an isomorphism 

by (2.9), (2.19) and Riesz-Frechet theorem. Hence, by (4.13), D{A) is dense in "H. 


Step 4: conclusion. Assertions (i-ih) follow at once by applying Theorems A.l 
A.2 and Remark A.l in Appendix]^ to (4.5), which can trivially rewritten as 


(4.14) 

where Ai = A + I and = X + I. 


U' + AiU + Ti{U) = 0 
U{0) = UoGH 


in "H, 


□ 


Remark 4.1. The surjectivity of the operator T introduced in Step 2 also follows by 
the Direct Method of the Calculus of Variations without invoking the surjectivity 
theorem of V. Barbu quoted before, since T has a variational nature. Indeed, setting 

nV pV 

V{x,v) = / P{x,s)ds and Q{y,v) = / Q{y,s)ds 
Jo Jo 

for a.a. x G H, y G Ti and all u G K, one easily sees that 

B{u)=2\\u\\lo + l [ |Vup + J / |VH^+ / ri;u)+ [ QY,u)-{h\v)x 
^ Jn ^ JTi Jn Jri 

defines a (possibly nonlinear) functional B G C^{X) and that its Frechet differential 
is nothing but T — . Moreover, by (4.10) and (3.29), since H(0) = 0, one gets 

that for all M G V 


B(u) = f ^J{tu)dt= f {T{tu) — h'^,u)x dt > csWuWx — 
Jo ™ Jo 


Ix'lkllx — 3c2 


where C 3 = + l)~^C 2 c)"^“. Hence, as fio > B is coercive in X (that 

is B{un) —00 when ||Mn||A: —>■ 00 ) so B has a minimum v G X, which is then a 
critical point of it, so T{v) = 


To prove Theorem |3.2| we have to prove that the generalized solution found in The- 
orem[TT]is actually a weak solution, which is unique. We start with the uniqueness. 


Lemma 4.1. The weak maximal solution of (3.28) is unique. 

Proof. Clearly the statement reduces to prove that, given two weak solutions u and 
V in [0, T], 0 < T <00, thenw = v. We se t XI = max{||u||c([o.r];Lii), ||^^llc([o,T];ffi)}- 
Using (3.32) and Lemma 3.1 - (hi) and (3.29) we get the estimate 


(4.15) ^\\w'\\ho + ^{Aw,w)Hi < L{M) ||u;||//i ||u;'||//o fortG[0,r]. 
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By ( |2.9[ ) and (2.191 we have {Au,u) m = \\urm-\\urHO for all u G . Moreover, 
as w{0) = 0, by Holder inequality we have 

2 „t 


(4.16) 




w 


< T 


WWlo. 


HO 


Hence by (4.151 and Young inequality we get 




(4.17) + 

Jo 

The proof is completed by applying Gronwall inequality. 


\w\\jH 


for t e [0,T]. 


□ 


Lemma 4.2. Generalized solutions of (3.28) are also weak. 


Proof. Clearly we can prove the statement for solutions in [0,r], 0 < T < oo. 

Step 1: strong solutions are also weak. Let m be a strong solution. We first 
claim that u' G Z(0,T). Since, by Definition 3.2 u'(t) G X for all t G [0,T], by 
(3.30) we get 

(4.18) {u” ,u')ho + {Au,u')ho + {B(u'),u')w = {F{u),u')ho a.e. in (0,r). 

Since u G C H°), so Au G (77^)'), by stan¬ 

dard time-regularization we have ||m'||^o, {Au,u)h^ G W^’°°{0,T) and 

(Wu'Who)' = 2{u”,u')ho, {Au,u)'ui = 2{Au,u')m a.e. in (0,T), 

where the symmetry of A is also used. Since {F{u),u')ho G L°°(0,T), by (4.18) 
we then get that {B{u'),u')w G L°°(0,T) C L^(0,T) as T < oo. Our claim 
then follows by (PQ3). Combining it with Lemma |3.H -(ii) we get that B{u') G 
L™'(0,T; [L™(D,Aa)]') x (0, T; [L^^(ri, A/?)]')- Since Fju) G L\0,T;H°) and 
trivially m' S 1H^’^(0,T; Y'), by Riesz theorem and Lemma [2)^ we get ( 3.31[ ), con¬ 
cluding Step 1. 

Step 2: generalized solutions are also weak. Let it be a generalized solution 
and {un)n a sequence of strong solution s of (3.30) converging to u in (^([O, T]; 77^) C 
(^^([O,T];77°). By Step 1 and Remark 


3.7 


the energy identity 


^nllz/O -)- 2 {-^^n:‘^n) RO 


{B{u^),ujw= {F{Un),U^)H0 


F{u) in C'([0, T]; 77°) we can 


holds for all n G N. Since by (3.29) we have F{un) 
pass to the limit in the last identity to get 

(4.19) \\\u\\]jo + \{Au,u)m\ +lim [ {B{uJ,u^)w = [ {F{u),u)ho. 

10 n- Jo Jo 

Then, by (PQ3) and Lemma |3T| -(ii) , it follows that u'^ and B{u'^) are (respectively) 
bounded in Z{0,T) and ; [L™(D, A„)]') x LP'(0, T; [L^(ri, A^)]'). Hence, 

up to a subsequence, u'.^^ ip and B{uP) —>■ x weakly in these spaces. Since u'^ -G u' 
in LP{0,T]F[^) and Z{Q,T) ^ L^(0,T;77°), it follows that ip = u', so u'^ -G u' 
weakly in Z(fl,T). We can pass to the limit in the distribution identity (3.31) 
written, thanks to Step 1, for and get 

(4.20) [ -{u',P ')ho + {Au,P)hi + {xA)w = [ {F{u),P)ho 

Jo Jo 
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for all (f) G Cc{(0,T)]H^) n C'^((0, T); n Z(0,T). By a further application of 
Lemma |2.2| we then get the energy identity 


(4.21) 




T /-^ 

]jo + \{Au,u)h^ + {x,u')w= {F{u),u')ho. 

0 Jo Jo 


Combi ning ( |4.19[ ) and ( |4.21 ) we then get lim„ {B{u'^),u'^)w = /q {x>u')w- By 
Lemma [3)T| -(ii-iii) and [HI Theorem 1.3 p.40] B is maximal monotone in Z{0, T), so 
by the classical monotonicity argument (see [HI Lemma 1.3 p.49] we get B{u') = x 
which, by (|4.20[), concludes the proof. □ 


We not turn to the proofs of the results stated in Section [^ 


Proof of Theorem 13.21 We apply Theorem 4.1 with B being given by 




0 

-Fiu) 


where U = 


which is trivially locally Lipschitz in J-L by (3.29). Consequently for any (uo,wi) G 
X problem (3.28) has a unique maximal generalized solution u in [0,Ti„ax), 
which is the unique strong maximal solution of it when (see (4.3)) also ui G X and 
Auo + B{ui) G ■ By Lemmas 4.1 and 4.2 then u is also the unique weak solution 


of (3.28) in [OjPmax)- By Theorem 


4.1-(ii) we then get (3.34) and the maximality 


of u among weak solutions of (3.28). The continuous dependence on the data in 


X then follows directly from Theorem 4.1 -(iii). Moreover when F is globally 


Lipschitz also J- is globally Lipschitz, so all solutions are global in time. 


To complete the proof we assume from now on that (PQ4) holds. By (3.16)-(3.17) 
there is C = CdlaHoo, ll/3||oo.ri, c(0, c'") > 0 such that 

(4.22) ^ C\v-w\‘jjo + {B{v)-B{w),v-w)w 

for any v = {vn,vr),w = (wn^wr) G W, where > 0 provided m > and 
Cfj" > 0 provided ^ > r^. Then, using part (ii) of the statement, the energy 
identity (3.32) and ( |4.22[ ) we get that u'^ -G u' in L”^{0,T*; provided 

m > and (unir)^ —^ ('“ir)^ in -^^^(0, T*; L^’^(ri)) provided /r > q,. Since these 
conclusions are automatic when m < and we get -G u' in Z{Q,T*). 

Finally, when {uQ^Uin) —> (uq,ui) in x 77° for some p, 0 satisfying (1.13), we 
recall (3.27) and we note that u'„ —>■ u' in Z(0,r*) and uon uq in yields by 

a simple integration in time that Un ^ u in 1F^’^(0, T*; 77^’^’®) ^ C'([0, T*], 77^’^’®), 
concluding the proof. □ 


Proof of Theorem 13.11 It follows immediately by applying Theorem |3.2| with 
F = {f,g), which satishes ([3.29) as a consequence of (FGl-2) and (1.8). □ 


Proof of Theorems 11.11 and 11.21 They are particular cases of Theorem |3.1[ by 
using Remarks 3.1 3.2 3.4 and the fact that (1.10) is trivial when m < 2 and 

p < 2. □ 
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5. Regularity results 


This section is devoted to make explicit, when we are dealing with problem (1.1 ), so 


3.2 


F = {f,g), the meaning of strong solutions of problem (3.28) found in Theorem 
In this way we shall get our main regularity result for problem (1.1). We shall from 
now on assume that 


(5.1) r is and To n Ti = 0. 

Recalling the discussion made in Section on Sobolev spaces on compact man¬ 
ifolds, we remark that by the arguments used in [321 PP- 38-42], when M is a 
compact manifold, then 

(5.2) C^{M) is dense in for —2 < s < 2 and p £ (l,oo); 

(5.3) [W^’P{M]' ~ (M) for -2 < s < 2 and p e (1, oo). 


Since by (5.1), T, Tq and Ti are compact (7^ manifolds, (5.2) and (5.3) hold true 
when M = r and M = T,-, z = 0,1. 


We now recall some fact on the Laplace-Beltrami operator Am, which we shall use 
when M = T and M = T^, i = 0,1, referring to m for more details and proofs, 
given there for smooth manifolds. One easily sees that the regularity of M and 
the regularity of (•, ■)m are enough. Then Am can be at first defined on C^{M) 
by the formula 


(5.4) - / Amuv= / (Vmm,Vmii)m 

JM JM 

for any u,v £ C^{M), and Amu = (^g^^g^^'^dju) in local coordinates. Con¬ 

sequently Am uniquely extends to a bounded linear operator from 
to W‘^~^’P{M) for any s £ [—1,1] and 1 < p < oo (see [Ml Lemma 1.4.1.3 pp. 21- 
24]). Since AmI = 0 the operator is not injective. The isomorphism properties of 
—Am + I are given in Lemma |B.1| in Appendix |B| 

Since the characteristic functions ypo j XTi of ro,ri are on T, by identifying 
the elements of f = 0,1, with their trivial extensions to T we have the 

decomposition 


(5.5) VW’^(r) = W"’^(ro) 0 IT"’^(ri), for p e (1, oo), -2 < s < 2, 


so in particular IT'*’^(ri) = {u S W^'P{T) : m = 0 in Tq}, coherently with (1.4). By 

(5.5) we also have Ar = Apf, + Ar^, hence Apu = Ar^u for u £ IT®’'’(ri). 

We recall here some classical facts on the distributional normal derivative. For any 
u £ IV^'P(fl), 1 < p < 00 , such that —Au = h £ LP{VI) in the sense of distributions, 
we set d^u £ W-^/P’P{r) by[^ 

(5.6) (9;yU, V’)wi-i/p'.p'(r) = ~ f VuV(]D)V') for all ijj £ W^~^/p ’P (T). 

Jn Jq 


^^here we are implicitly considering Ajvf as the restriction to real-valued distributions of the 
same operator acting on Sobolev spaces of complex-valued distributions, which will be studied in 
Appendix [b| 

was defined in subsection 2.2 
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The operator u d^u is linear and bounded from Dp{A) = {u g : Au G 

L^{n)}, equipped with the graph norm, to Moreover, since for any 

vji g pj/i.P such that iliir = ip we have — Jhip € (fl), (|5.6[) extends to 


(5.7) (9^u,^/’)wi-i/p'.p'(r) = “ / + ( VuViIi for all ■0 € {T). 

JQ Jn 

Moreover, by (5.5), we have d^u = d^u\Yo + di^'U‘\ri and ip = ip\ro + '0|ri! where 
a,U|r, G W-^^P’P{r,), ip^r, G W^-^/p'’P'(T,), z = 0,1, and by (j^. 


(5-8) ^j{9i/U\ri,ip\Ti)wi-^/p',p'(ri) 

for all Ip G P 'P (r). Hence, in particular. 


(5.9) 


(9i/rt|Pj,'!/))ppi-i/p',p'/Ti) — / hH/ + 

Jn Jn 


VwV^' 


for all Ip G W^~^^P ’P (Ti) and all iIi G W^’P (H) such that iPip = ip. Finally, 
when u G bF^’'’(r) the so-defined normal derivatives coincide with the ones given 
by the already recalled trace theorem, that is d^u G W'^~^/P’P{T) and dvU\Ti G 
W^-^/P'P{Ti) , i = 0,1. 

Our main regularity result is the following one. 


Theorem 5.1. Suppose that (FGl-2) , (PQl-3), (1.8) and (5.1) hold true, and 
let l,X be the exponents defined in (1.15). Then, if 

{uq,ui) G W^’^xX, —Auo+P{ui) G Lf{Pi), 9;/Uo|ri~ApMo+Q(iti|p) ^ -^^(^ 1)1 

the weak maximal solution u of problem O) found in Theorem |iS. 1| enjoys the 
further regularity 

(5.10) u G L^[0,r„a,); VF^’') n Ci([0,T„,,);iji) 0 ([0, i7°), 

(5.11) u'gC^([0,T„,,);X). 

Moreover 

(5.12) utt - Au +P{ut) = f{u) inL\M), a.e. in {0,Trnax), 

(5.13) (M|p)tt + ApU|p + Q((u|p)t) = g(u|p) mL'(ri), a.e. on {Q,Tjnax)- 

Remark 5.1. By (|5.11|) one easily sees, integrating in time, that when un G A 

thenuG Ci([0,T„,ax);X). 


Remark 5.2. By (5.10)-(5.11) u and all terms in (5.12) possess a representative in 
Lj'oc((0, Tinax) X H) and all derivatives in it are actually derivatives in the sense of 
distributions in (0, T^ax) x H. The same remarks apply tomp and all terms in 

(5.13) in (0,rniax) X Ti, and one easily proves that ( 5.12| )-( [5T3 ) are equivalent to 
Utt - Au + Pf, Ut) = /(•, u) a.e. in (0, Tmax) x H and (uir)** + dyU\Y^ - ApU|p + 
< 5 (-> (w|r)t) = ff(-,M|p), a.e. on (0,Tinax) x Ti. 


Before proving Theorem 5.1 we characterize the domain of the operator A in (4.31. 


14 - 


by the way a distribution in (0,Tmax) x Pi is an elements of the dual of Cc((0,Tmax) x Pi) 
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Lemma 5.1. Let (PQl-3) and ( |5.1| ) hold. Then D{A) = Di, where 

Di := {(u, v) e W'^'^ X X : —Xu + P{v) € d„u\ri — Xj-u + Q{v) G L^(ri)}, 

and 

(5.14) Au + B{v) = {—Xu + P{v),d,yU\ri — Xru + Q{v)) for all {u,v) G Di. 


Proof. By (2.19), (3.8), ( |3.9| and (4.3) clearly {u,v) G D{A) if and only if u G 
V G X and there are hi GLr{Ll), h 2 G L^(ri) such that, for all (f> G X, 

(5.15) [ XuX(j)+ [ (Vru, Vr((>)r + / P{u)(j)+ [ Q{v)(j) = [ hi(j)+ [ h24>- 


To prove that D{A) C Di we fix {u,v) G D{A). Taking (j) G C^{n) in (5.15) we 
immediately get that 

(5.16) — Xu + P{v) = hi in the sense of distributions in Lt. 

We set = Tj, if TV > 3, while = 2m if TV = 2, so that H^{Ll) ^ L’f!(fl). 
Hence, as z; G X, using (3.1) and Sobolev embedding we have P{v) G L'^^{Tl), 
where mi := max{m,fO}/(m — 1). By (5.16) then —Xu G L'^^{Ll) in the sense of 
distributions where, as mi > 2 when N = 2, 


(5.17) 


m 2 '.= min{2, mi} = min{2,max{m, r^}/{m — 1)} < 2. 


Since u G (H) C (H) it has a distributional derivative d^u\ri G W 

and then, by (5.9), we can rewrite (5.15) as 


*(ri) 


(5.18) {d„u\r„(t>\r)iyi 


’*2(ri 


+ / (VrM, Vr<)i)r + / Q{v)4> = / h 2 (j). 


for all (/) G X such that ^|r G Since for any if G C'^iTi) C 

IT^’^'^(ri) we have D^/> G lT^’^^(f2) C C{Ll) , by Morrey’s theorem, so O';/) G X, 
from (5.18) we can conclude that 

(5.19) d^u\rj^ - Xru + Q{v) = h 2 in [C^(ri)]'. 

We now set iy = Tp if X = 2 and X > 4, while iy = 2/j, if X = 3, so that 
X^(ri) ^ LT(ri). Hence, as G X, using (3.2) and Sobolev embedding we have 
Q{v) G (Ti), where ^i := max{^, iy }/(/r—1). By (5.19) then — Aru = h^ 

in the sense of [C'^(ri)]' where /13 G L''^(ri) and, as > 2 when X = 3, 

(5.20) H 2 '■= inin{2,^i} = min{2,max{/i,rj,}/(/r — 1)} < 2. 

Since 9i/U|ri G and, by ( |1.15 ), ( |5.17| ) an d (|5.20[ ) we have I = 


m.m{m 2 , fJ. 2 }, we get —Xr^u G W ^/^’*(ri). By Lemma B.l then we get u G 


lT^“i/*’*(ri). Since —Xu G L^{Ll) as I < m 2 we then get by elliptic regularity 
(see [33l Theorem 2.4.2.5 p. 124]) that u G W^’*(r2), so (5.16) holds in L*(H) and 
d^Ujr^ G W^“^/^’*(ri) by the trace theorem. Plugging this information in ( 5.19| ) we 
then get, as I < fi 2 , that — Ar,M G L ^(ri) so ( 5.19[) holds true in this space and, by 
a further application of Lemma |B.1'+’""" ^ 'i rtf yl^ r- n. 


then u G W^’‘(ri), proving that D{A) C Di. 

To prove that Di C D{A) let {u,v) G Di. We denote hi = —Xu + P{v) G L'^{Ll) 
and h 2 = di,u\T^ — Apu + Q{v) G L'^iTi). Since P{v) G L^Ll) as I < mi we have 


—Xu(j)+ / P{v)(j) = / hi(j) for all (p G (H). 
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We now point out that the classical integration by parts formula 


(5.21) 


/ V/iVfc+ / Ahk = / d^hk 

In Ja Jr 


which is standard when h G and k G (see [531 Lemma 1.5.3.7 p.59]) 

extends to h G n and k G hI'[ . Indeed, by using [H Theorem 

4.26, p. 84], h can be approximated in n i7^(n) by a sequence (/i„) in 


C'^(n) C i7^(n), so we can pass to the limit in (5.21) as /c G L* (11) and fe|r G (T). 


. . i i' 

Hence we get that (5.15) holds for all (j) G H^\’ . By Lemma 


holds for all (j) G X, so proving that Di C D{A) and (5.14) holds, concluding the 
proof. □ 


2.1 


then (5.15) 


Proof of Theorem\5 . 1\ By Lemma 5.1 we have (mqi ^i) G D{A)^ hence by Theorem 


3.2 the maximal solution of (1.1) is actually a strong solution of (3.28) when F = 
(/,?), so u G ([0,r^ax);i7') n Wi'„’“([0,T„,ax);77"), {u{f),u'{t)) G Di for all 


t G [0,T„iax) and, by (5.14), (5.12)-(5.13) hold true. 

To prove ( |5.10| ) we note that, since P{ut) G L“^([0, Tmax); L’'r!/('"“^)(11)) when 
m < and P{ut) G L™^([0, Tmax); L™'(H)) when m > q], we have 

(5.22) P{ut) G 

where Ai = oo when m < and Ai = m' otherwise. Since moreover Uu, f G 


"^max); L^(H)) we then get from (5.12) that 


(5.23) Au G Lf„^^([0,T^ax);L™=(ll)) C lL([ 0, T^nax); L'(11)). 

Consequently, by the boundedness of the distributional normal derivatives, 9^u||ri G 
LL{[0-T)nax);VL-'/'’'(ri)). Since g((u|r)t £ L]^,([0, r„,ax); LT/(^-i)(ri)) when 
^ < 7y and Q((u|r)i G ^((,^([0,T^ax);L'"'(ri)) when /r > ql, we have 

(5.24) Q((uir)t G Lit ([0, T’max); (Li)), 
where A 2 = oo when /i < Tp and A 2 = fJ-' otherwise. 


Since moreover (it|r G L]^p([0,Tniax);L^(r)) we then ge t fro m ( |5.13| ) that 
ApiUiri G Lt([0,7)nax);hL“^/'’'(ri)). As / < 2, from Lemma B.l we get u\ri G 


^max); ^^*’*(ri)). By (5.23) and the already quoted elliptic regularity 


result we have u G Lt([0, Tmax); bL^’*(Al)), and consequently we get G 

At{[0>^max);bL^“^/'’'(ri)). Using ( |5.13D again then we get 

AriMGLt([o,r„,ax);L'(ri)), 

we have u\ri G Lt([0, T^ax); W^^’'(ri)). 


B.l 


hence by Lemma 

Since Ut G C([0.Tm^.A\ H°) n Lg'p(0, Tmax) 77^), by [33 Theorem 2.1 p 544] and 
Lemma 2.2 we then get Ut G H^), completing the proof of (5.10). 


To prove (5.11) we remark that, as shown is the proof of Lemma 4.2 - Step 1, we 


have {B{u'),u')ni G L]^p([0, Tmax)), hence by (PQ3) we have u' G L£(,([0, Tmax); kb) 
and consequently using Lemma |2]^ and the result by W. Strauss already recalled 
we get (5.11), completing the proof. □ 
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When the damping terms are not supersupercritical, the time regularity (5.10) can 
be improved as follows. 


Corollary 5.1. Suppose that all assumptions in Theorem \5.1\ hold true, and more¬ 
over suppose 

(5.25) 1 < TO < and 1 < p. < r^. 

Then, if 

{uo,ui) £ xH^, —Auo-\-P{ui) £ L^{n), i9jyMo|ri~ArMo+Q(wi|r) G L^(ri), 


the regularity (5.10) is improved to 

(5.26) « G ([0, T™,,); ) n Ci([0, T^a.) ; i?^) n ([0, T^^x); i?°)■ 

Consequently, when 

(5.27) 1 < TO < 1 + -^ and I < n < 
for initial data (uojWi) £ x we have 

(5.28) u £ C„([0, r™„,); 77 ^) p ([0, Tma.)\H^) n ([0, T„,,); 77°). 


Proof. When (5.25) holds, 


by ([T 

1172,177 


15) we have A = 00 , hence by (5.10) we get u £ 


Tmax); Since (17) and W^’*(ri) are (respectively) dense in 77^(17) 

and 77^(ri), by [S^ Theorem 2.1 p.544] we get u £ C'u,([0, Tmax); Hence 

Aug C^([0,T„,ax);i'(17)) and Ar^u-a.uir, G Ca,([0,r„,ax);i'(ri)). 

Moreover, by ( 5.22[ ) and (5.24), we also have P{ut) £ 7“^([0, Tmax); 7 j*( 17)) and 
QiMt) e 7“([0,T„ax);7.'(ri)). Hence, as /(u) G C^([0,T^ax];i^'(H)) and 
diuir) £ Ca,([0,T„,ax];7v2(ri)), by ([^-(|KI^ we get u" G ^^([0, T^ax); i'(17) x 
7*(ri)). Hence by (5.10), the density of 77° in 7^(17) x 7*(ri) and [55l Theorem 
2.1 p.544] again we get u" £ (^^^([O, T^ax); 77°), concluding the proof of (5.26). 

When (5.27) holds we also have I = 2 and for data (uo,ui) G 77^ x 77^ the 
conditions —Auq + P{ui) £ 7^(17) and c7j,uo|ri — Aruo + Q{ui\r) G 7^(ri) are 
automatic, so (5.28|) holds. □ 


Proof of Theorems 11.31 and II. 4[ By Remarks 3.1 3.2 and |3.4| they are partic¬ 
ular cases of Theorem |5.1| and Corollary |5.1| □ 


6. Global existence versus blow-up 


This section is devoted to our global existence and blow-up results for problem 
(1.1). Before giving them we need some preliminaries. We shall assume in the 
sequel that assumptions (PQl-3), (FGl-2) and (1.8) hold true. 


6.1. The energy function. To use energy methods it is fruitful to introduce an 
energy function involving the potential operator associated to F = (/,g), and to 
write the energy identity (3.26) in terms of this function. 


We first need to point out the following abstract version of the classical chain rule, 
which easy proof is given for the reader’s convenience. 
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Lemma 6.1. Let Vq and Hq be real Hilbert spaces, I be a real interval and denote 
by Ibe scalar product of Hq. Suppose that Vq ^ i^o with dense embedding, 

so that Vq ^ Hq Hq ^ Vq. 

Then for any Ji G C^(Vo) such that its Frechet derivative is locally Lipschitz 
from Vq to Hq and any w G C{I;Vq) n C^{I;Hq) we have Ji ■ w G 0^(1) and 
(Ji • w)' = {J[ ■ w,w')ho w 1} where ■ denotes the composition product. 

Proof. At first we note that w can be trivially extended, with the same regularity, 
to the whole of M, so we assume without restriction that / = K. Next we remark 
that our claim reduces to the well-known chain rule for the Frechet derivative (see 
[21 Proposition 1.4, p. 12] when w e C^(/; Vq)- 

In the general case, denoting by (p)„ a standard sequence of mollifiers and by * 
the standard convolution product in K, we set = Pn*w, so Wn G Vq) and, 
by previous remark, (Ji • WnY = {J[ • Wn,wY)Ho in for all n G N . Since the 
proof of m Proposition 4 . 21 , p. 108 ] trivially extends to vector-valued functions, 
we also have —?► re in Vq and -G w' in Hq locally uniformly in M. Since J] is 
locally Lipschitz from Vq to Hq it then follows that J] • —>■ J] • re in Hq locally 
uniformly in K and consequently (Ji • Wn)' = {J'l ■ Wn, wY)ho {J'l 'W, w')ho locally 
uniformly in K. Since Ji G C{Vq) we also have Ji • Wn —t Ji • ic in K. Our assertion 
then follows by standard results on uniformly convergent real sequences. □ 


We introduce the primitives of the functions / and g by 

pU pU 

(6.1) ^{x,u)= / f{x,s)ds, and &{y,u) = / g{y,s) 

Jo Jo 


ds, 


for a.a. x G Ll, y gTi and all m G K, and we note that by (FGl) there are constants 
Cp^ c"' > 0 such that 

( 6 . 2 ) \^{x,u)\<S;il + \ur), 

for a.a. x G LI, y G Ti and all u G ffi 


and | 0 ( 2 /,m)| < c"'(l + |u|«) 


By (1.8), (6.2) and Sobolev embedding theorem we can set the potential operator 


J : 
(6.3) 


by 


J{v)= [ ^{■,v)+ f 0(-,U|r) for all u G 
Jn Jri 


By (FGl), ( |1.8[ ) and Sobolev embedding theorem, using the same arguments applied 
to prove |2l Theorem 2.2, p. 16] one easily gets that J G C^{H^), its Frtehet 
derivative J' being given by F = { f,g), which is locally Lipschitz from H^ to H^. 

Hence, by (2.24) and Lemma 6.1 for any weak solution u of (1.1) we have J ■ u G 
(^^(dom u) and 

(6.4) [J.u)'= [ f{-,u)ut+ [ g(-,U|r)(w|r)t- 

Jn Jti 

We also introduce the energy functional £ G C^ifH) defined by 

(6.5) £{v,w) = ]-\\w\\]jo + \ [ |Vup + b [ |Vru|r-J(u), for all (u, w) G H, 

^ Ja JTi 
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and the energy function associated to a weak maximal solution u of (1.1) by 
(6.6) = E{u{t),u'{t)), for all t e [0,Tmax)- 


By ( |6.4[ ) and (6.5) the energy identity (3.26) can be rewritten as 
(6.7) Suit) - £u{s) + f {Biu'),u')w =0 for all s,t e [O.Tmax)- 

J S 


Consequently, by Lemma |3.1[ ( |2.9[ ), ( |6.5| ) and ( |6.6[ ), is decreasing and we have 

Ht)\\HO + Jiuit)) 


( 6 . 8 ) 


l\\u'it)rHo + Iwurni, =Suio) - j\Biu'),u')w + \ 


1 , 


<5„(0) + -||u(t)|l^o + J(u(t)) for t G [0,Tinax)- 

The alternative between global existence and blow-up depends on the specific struc¬ 
ture of the nonlinearities involved. We shall separately treat two different cases. 

6.2. Blo-w—up -when damping terms are linear. We shall consider in this sub¬ 
section damping terms satisfying the following assumption 

(PQ5) there are a G L°°{Sl), (3 G L°°(ri), a,/3 > 0, such that 

P{x,v) = a{x)v, and Qiy,v) = j3{y)v 

for a.a. a; G y G Ti and all u G K. 

Remark 6.1. Trivially (PQ5) implies assumptions (PQl-3) with to = /r = 2, and 
in some sense override them. Moreover in the case considered in problem (1.2) it 
reduces to assumption (1)'. 

Moreover we shall consider in this subsection source terms satisfying the following 
specific assumption; 

(FG4) at least one between / and g is not a.e. vanishing and there are exponents 
p,q>2 such that, for a.a. a; G fl, y G Pi and all it G M, 

(6.9) fix,u)u>p^ix,u)>0, and giy,u)u >q&iy,u) > 0. 


Remark 6.2. In the case considered in problem (1.2), i.e. fix,u) = fo{u) and 
gix,u) = yo(u), assumption (FG4) reduces to assumption (IV). Another specific 
example is is given by (3.23) when fo and go still satisfy (IV). 

We can now give our blow-up result 


Theorem 6.1. Let (PQ4), (FGl-2), (FG4), ([^ hold. Then 

(i) N = {(ito,iti) G TL : S{uo,Ui) < 0} ^ 0, and 

(ii) for any (itojUi) G N the unique maximal weak solution u of O) blows-up 
in finite time, that is T^ax < oo, and (1.28) holds. 

Proof. We first prove (ii). By (PQ5), we have X = FI^ and W = Since we 
are going to apply (33 Theorem 1] to (1.1), in the sequel we are going to check its 
assumptions. Referring to the notation of the quoted paper, adding a * subscript 
to it, we set 

Y,=H°, W, = H\ V* =LP(L!) X L«(ri) 
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where, according to (1.4), L'^{Ti) is identified with {t e : n = 0 on Fq}. We 

note that, by (1.8) and Sobolev embedding theorem we have W* ^ X*. 

We also set the operators 

P* : K ^ Vl, A* : W* 


W', P* : X* ^ X', Q* : [0, oo) x F* ^ Y' 


by 

P* = Id, X* = A, P* = P, Q* = B, 
nothing that in our case A*, P* and Q* are autonomous so no explicit dependence 
on time is needed. Trivially P* and Q* are non-negative definite and symmetric. 
Moreover A* and P* are the Frechet derivatives of the potentials : VF* —>■ K, 

P* : X* —>• K respectively given for all v S W*, (ui, W 2 ) S X* by 

A(u) = ^IIVpII^ + i||Vrii||r and B»{vi,V2) = + J ©(•,P 2 )- 

With this setting the abstract evolution equation 


(6.10) P*u" + Q*u' + A^{u) = P*(u) 

considered in (2-1)] formally reduces to (3.28) and, taking G* = IF* as the 
nontrivial subspace of K, W* and F* we have P* = G([0, 00 ); nG^([0, 00 ); P°), 

hence, by Definition 3.1 and (3.26) strong solutions of (6.10) in the sense of [55] 
exactly reduce to weak solutions of (1.1 1 in [0, 00 ). Moreover, to check the specific 
assumptions of [351 Theorem 1] we note that, by (FG4) for all t G G* = we 
have 


{A^{v),v)w. - {F^iv),v)x. =||Vt||^ + ||Vru||^ - [ f{-,v) 

Jn 



ff(-p) 


<2A*{v)-p[ Si-,v)-q[ 
Jn Jfi 

<g* 


where g* := min{p, q} > 2 , hence [351 (2.3)] holds, while [351 (2-4)] is trivially 
satisfied since A* and P* does not depend on t. 



We now prove (i), first considering the case in which g does not vanish a.e. in 
Fi X K (so Fi 7 ^ 0). Since g{x,u)u > 0 at least one between the two sets 

(6.11) P^ = {{x,u) G Fi X K : ±g{x,u) > 0, ±u > 0} 


has positive measure in Fi x K. In the sequel of the proof the symbol ± means 
+ is E~^ has positive measure and — if E~ has positive measure. Hence there are 
C G Fi, e > 0 and u G K such that ±u > 0, G x {u — e,u + e) C P=*= and cr(G) > 0. 
We denote 


Pi = {P G : |P| < 1}, Q = Pix(-l,l), Q+=Pix(0,l), Q° = Pix{0}. 

Since F is G^ and compact there is an open set Uq in and a coordinate map 
tpi : Q ^ Uq, bijective and such that ifji G C^{Q), G C^{Uo), = PoFH, 

V’i(Q°) = Po n F and cr(Po H G) > 0. We denote '02 = 0i(-,O) : Pi —)■ F, 02 G 
G^(Pi) and D = 00^(Po F C). Since cr(Po n G) = |9a;i02 A ... A dxj^_i'ip 2 \ dx', 
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where x' = {xi,... ,xn-i), D has positive measure in and hence it contains 

an open ball B 2 of radius r > 0. We set B = '!/' 2 (-B 2 ) C f/g n C C Fi and 
Ui = 'ipi{B2 X (—1,1)). Hence Ui is open in and C/i n Fg = H n Fi = 0. 


By ( |6.1[ ) and (6.11), since B x {u — e,u + e) C E^, we get that (j )2 '■= > 0 

a.e. in B. Integrating the differential inequality in (6.9) from 0 to U and denoting 

</>3 = ' 


( 6 . 12 ) 


') 2 \u\ we get 0 (-,m) > a.e. in B when u — uGM 

(S{-,u) > (j) 3 \u\^ — (j) 2 , a.e. in H, when u S 


■0 > 


and consequently 




Now (see [HI p. 210]) we fix rjo G C°°(M) such that ryg(s) = 1 if s < 1/4 and 
f]o{s) = 0 if s > 3/4. Moreover we denote wo{x',xn) = ryg(|a:'|/r) ?7g(|a;jv|) for 
{x', xn) G B 2 X (—1,1) and wq = wo ■ Hence wq > 0, wg|ri ^ 0, wg € Cl(Ui) 
and then, as Hi H Fg = 0, wg G Hence, by (6.5), (FG4) and (6.12) we have 


£{swo,ui) < |||wi||ffo + 5 (llVwgIli + ||Vru;o|j2.ri) l«l'^+ll<(^2||i,ri 

for all Ml S and s G Kg . Since q > 2 and /g/'s |M;g|® > 0 it follows that 
£(swo,ui) —>■ —00 when s -G ±00 and mi is fixed. Hence, choosing Mg = swq for 
s G large enough, depending on ||Mi||g'o, we get (Mg,Mi) G N. 


When / does not vanish a.e. the proof repeats the arguments used in the previous 
case and hence it is omitted. We just mention that we can directly take B C £t to 
be an open ball of radius r > 0 and define wq G C^(B) by wo(x) = 77g(|a::|/r). □ 


Proof of Theorem 11.51 By Remarks |3.1[ |3.4[ |6.1| and |6.2[ the statement is a 
particular case of Theorem |6.1[ □ 


6.3. Global existence. In this subsection we shall deal with perturbation terms 
/ and g which source part has at most linear growth at infinity, uniformly in the 
space variable, or, roughly, it is dominated by the corresponding damping term. 
More precisely we shall make the following specific assumption: 


(FGQP) there are pi and qi verifying (1.29) and constants Cp^,Cq^ > 0 such that 

^{x,u) < Cp^ [1 +M^ +7g(a;)|M|Pi] , 0 (?/,m) < Cq^ [l + + So{y)\u\'^^] 

for a.a. a; G H, y G Fi and all m G ffi. 


Since f{-,su)uds (and similarly ©), assumption (FGQP) is a weak 

version of of the following one: 


(FGQP)' there are pi and qi verifying (1.29) and constants Cp^,Cq^ > 0 such that 
f{x,u)u < C'p^ [|m| +m^ +7g(x)|M|Pi] , g{y,u)u < C'q^ [|m| + u'^ + So{y)\u\‘^^] 
for a.a. a; G H, y G Fi and all m G M. 

Remark 6.3. Assumptions (FGl-2) and (FGQP)' hold provided 
(6.13) f = f + f+f, 

where /*, y® satisfy the following assumptions: 


5 = 


(i) /° and y° are a.e. bounded and independent on m; 

(ii) and g^ satisfy (FGl-2) with exponents pi and qi satisfying (1.29), and 
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(a) when pi > 2 and ess info a = 0 there is a constant Cp^ > 0 suchthat 

\f^{x,u)\ < [l + |m| + a{x)\u\P^~'^] 
for a.a. x G il and all m S K; 

(b) when qi > 2 and essinfr^ /3 = 0 there is a constant > 0 such that 

\g\y, u)\<Cq;[l + \u\ + Piy)\u\'^^~^] 

for a.a. y S Fi and all u S M; 

(hi) and satisfy (FGl-2), p{x,u)u < 0 and g^{y,u)u < 0 for a.a. x GVt, 
y GTi and all u € M. 


Conversely any couple of functions / and g satisfying (FGl-2) and (FGQP)' admits 
a decomposition of the form (6.13 )-(i-iii) with and being source terms. Indeed 
one can set /° = 




[fi^u) - P]+ 

0 

and define g^, y^ in the analogous way. 


if M > 0, 

if M = 0, and p{-, u) 
if M < 0, 


0 

[/{•.«)-/°] + 


if M > 0 , 
if M = 0 , 
if M < 0 , 


Remark 6.4. When dealing with problem (1.2) assumption (FGQP) reduces to (V). 
The function / = fy defined in (3.22) satisfies (FGQP) provided one among the 
following cases occurs: 


(i) 7+ = 72+ = 0, ^ 

(ii) 7 ^ = 0, 7 p fy 0, p < max{2, m} and 71 < c[a a.e. in il when p > 2 
(hi) 7 p ^ 0, 7 ^ ^ 0, p < max{2, m}, 71 < c(q; when p > 2 and 72 < c^a when 
p > 2, a.e. in Q, 


where c^, C 2 > 0 denote suitable constants. The analogous cases (j-jjj) occurs when 
y = y 2 , so that (/ 2 ,y 2 ) satisfies (FGQP) provided any combination between the 
cases (i-iii) and (j-jjj) occurs. In particular then a damping term can be localized 
provided the corresponding source is equally localized. 


Finally when f = fs and y = ya as in (3.23), assumption (FGQP) holds provided 
/o and go satisfy assumption (V) (where we conventionally take /o = 0 when 7 = 0 
and yo = 0 when 5 = 0), 7 < a when pi > 2 and 6 < (3 when qi > 2. 


Our global existence result is the following one. 


Theorem 6.2. Let (PQl-3), (FGl-2), (FGQP) and (1.8) hold. Then, for any 
couple of data (uo,wi) S H the unique maximal weak solution u of ( 1 . 1 ) is global 
in time, that is Tmax = 00 . Gonsequently the semi-flow generated by problem (1.1) 
is a dynamical system in Fl^ x F['^ and, when also (III) holds, m X for 

{p,0) verifying (|1.13|. 


Proof. We suppose by contradiction that fy 
(6.14) 


< 00 , so by Theorem 3.1 we have 


lim ||u(t)|fyi + ||fy(f)|fyo = 00 . 


^^that is \ fi(-,u)\/\u\P^ ^ < Cp^a a.e. uniformly in Q 
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We introduce the functional I: 
(6.15) 


given by 


I{v) = Cp, f a\vr + C,, f 
Jn Jri 


/3|r 


Since the functions piCp, {x)\u \p^~ ^u and qiCq^P{x)\u\'^^~^u satisfy assumption 
(FGl), we see as in subsection 6.1 that I G with Frechet derivative be¬ 

ing given by the couple of Nemitskii operators associated with them. Hence by 
Lemma 6.1 we have T ■ uG C'^([0, Tmax)) and, for all t G [0, Tmax), 

(6.16) I{u{t)) - I(uo) = [ f piCp^a\u\P^~‘^uut+ [ qiCq^\u\'^^~^u{uir)t 

JO Lv/n Jri 

We introduce an auxiliary function associated to u by 

(6.17) T{t) = ^\\u'(t)\\jpo + ^\\u{t)\\jpi+I{u{t)), for alH e [0,Tmax)- 
By ( |6.8[ ) and ( 6.17| ) we have 

(6.18) T{t) = £„(0) -I- ^\\u{t)\\jqo + J{u{t)) +I{u(t)) - [ {B{u'),u')w 

Jo 

By ( |6.15 1 and assumption (FGQP) we get 

(6.19) J(u)< [CpJH| + C,,a(r)] (l + ||?;||^o)+I(r;) for all r; € 

By ( |6.18 |- (6.19) we thus obtain 

( 6 . 20 ) T{t) <S^{ 0 ) + h+h\\uit)\\lo+ 2 I{uit))- [ {B(u'),u')w, 

Jo 

where ki = C'pJHI -|- C'q^tT(F) -|- 1/2. Gonsequently, by ( |6.16 l, 


( 6 . 21 ) 


2ki(u' ,u)h« — {B(u'),u')w 


T{t) <k2 + [ 

Jo . 

+ 2piCp^ [ a\u\P^~‘^uut+ 2qiCq^ [ P\u\'^^~‘^u{u\r)t 
JQ JTi 


where ^2 = fu(0) -f 2T{uo) -I- fci(l -I- ||moII^o)- Gonsequently, by assumption (PQ3), 
Gauchy-Schwartz and Young inequalities, we get the preliminary estimate 

rt 


( 6 . 22 ) 


Tit) <k2 + / -c(„|lH„C,a - c/||[(Mr)t]/3|i^/3 +fcl||M'||ffO -kfci||u||^o 

JO 

+ 2piCp^ f a\ut\\u\P~'^\ut\+2qiCq^ [ /3|'u|«"^|(M|r)t||(u|r)t| 

Jn Jri 


for all t G [OjTniax)- We now estimate, a.e. in [0,T'„iax)5 the last four integrands in 
the right-hand side of (6.22). By (6.17) we get 

(6.23) kiWu'Wjpo < 2kiT. 

Moreover, by the embedding i7^(H; F) ^ L^(H) xL^(r), there is a positive constant 
^ 3 , depending only on H, such that 

(6.24) ll^lllfo < fcallwll^i. 


Gonsequently, by (6.17), there is a positive constant k^, depending only on H, such 
that 

(6.25) 


ki\\u\\jpo<kiT. 
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To estimate the addendum 2piCp-^ ^|ut| we now distinguish between the 

cases Pi = 2 and pi > 2. When pi = 2, by (6.17), ( |6.25 1 and Young inequality, 

(6.26) 2piCp^ f a\u\P~'^\ut\<piCp^\\a\\ao{\\u\\HO+ \\u'\\ho) <k5T, 

JQ. 

where fcs = 2pi(7pJ|a||oo(l + ^a)- 

When Pi > 2, for any e G (0,1] to be fixed later, by weighted Young inequality 

(6.27) 2piCp, f a\ur-^\ut\ < 2{pi - l)Cp,e^-P'^ [ a\uf^ + 2eCp, f alutfK 

JQ, JQ JQ 

By ( |6.17 1 we have 

(6.28) 2{pi - l)Cp,e^-P'^ [ a\ur < 2{pi - 1 )s^-p'^T. 

JQ 

Moreover by (1.29) we have pi <m = m and consequently < 1 + \utY^ a.e. 
in n, which yields 

(6.29) f a\ut\^^ < f a+ f alutl"* < ||a||oo|f^| + ||[Mt] 

J Q J Q J Q 

Plugging (6.28) and ( |6.29 ) in (6.27) we get, as e < 1, 


Q! N m,a • 


(6.30) 


2piC, 


pi 


ipi-i 


\ut \ < ke P'^T + £||[Mt] 




where is a positive constant independent on e. 


Comparing (6.24) and (6.30) we get that for p > 2 we have 
(6.31) 2piCp^ [ a\u\P^~^\ut\ < kr (1 + e^“Pi)T + £||[Mt]^ 

JQ L 

where k^ is a positive constant independent on e. 


+ 1 


We estimate the last integrand in the right-hand side of (6.22) by transposing 
from n to Pi the arguments used to get (6.31). At the end we get 

(6.32) 2qiCq^ f l3\u\'^^-^\{u\r)t\< ks (1 + £^”'^^)T + £||[(u|r)t]/3||J),^j 

JTi 

where fcg is a positive constant independent on e. 

Plugging estimates (|6.23|), (|6.25|), (|6.31| and (|6.32|) into (|6.22|) we get 

(6.33) T(<) < *2 + 


{kre - c'^)\\[ut] 

pt 


(i + £^-p'i +£^-'?i)T + 1 


{kss-c'p)\\[{ur)th\C,^ 


>0 


for all t G [0,Tniax)- 


where fcg is a positive constant independent on e. Fixing £ = £i, where £i = 
min{l, c(,^/A: 7 ,cj^/fcg}, and setting fcio = ^ 9(1 + e\~P + £i~'^ ), the estimate (6.33) 
reads as ^ 

T„(t) < f fcio(l + T) for alH G [0,rmax)- 

JO 

Then, by Gronwall Lemma (see m Lemma 4.2, p. 179]), T is bounded in [0, Tmax), 
hence by (|6.17|) ||u|l 7 /i and ||m'||_ho are bounded in [0,rniax)j contradicting ( |6.14 ). 

□ 
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Proof of Theorem 11.61 It follows by Remarks |3.1[|3.4[|6.4| and Theorem |6.2[ □ 


Appendix A. On the Cauchy problem for locally Lipschitz 
PERTURBATIONS OF MAXIMAL MONOTONE OPERATORS 


The aim of this section is to complete the statement of the local existence- 
uniqueness result in |19j concerning locally Lipschitz perturbations of maximal 
monotone operators. We hrst recall it, changing the notation to ht with (4.14). 


Let Ai : D(Ai) C ?{ —?■ Ti he a maximal monotone operator on the (real) Hilbert 
space ?{, (•,•)« || • \\-h respectively denoting its scalar product and norm. More¬ 

over let : Ti ^ Hhe a locally Lipschitz map, i.e. for any R> 0 there is L{R) > 0 
such that 


(A.l) \\Ai{U)-Ri{V)\\n<L{R)\\U-V\\n provided |!17 ||h, ||H||h < i? . 

Given any h G Lj(,j,([0, oo); H), we are concerned with the Cauchy problem 
(A.2) U'+ Ai{U) + Fi{U) 3 h in-H, C/(0) = C/q G H, 


Theorem A.l 1 [191 Theorem 7.2]). Suppose that Ai is a maximal monotone op¬ 
erator in H with 0 G Ai(0) and T\ satisfies (A.l |. Then for any Uq G D{Ai) and 


h G VLjoc ([OiO®);^) problem (A.2) has a unique maximal strong solution U in the 
interval [0,Tmax)- Moreover for any Uq G D{Ai) and h G L)^^([0, oo); 77) problem 
(A.2) has a unique maximal generalized solution in [0,Tmax)- In both cases we have 


lim 


t—^Tm 


\\U(t)\\-H = oo provided T^ax < oo. 


Remark A.l. It is well-known that Tmax = oo for any datum Uq when Ri is globally 
Lipschitz, i.e. (A.l) holds with R = oo, see [S31 Theorems 4.1 and 4.1A]. 


The aim of this section is to point out the continuous dependence of U from Uq 
and h, which is a standard fact when R is globally Lipschitz, since the author did 
not find a precise reference for this fact when R is only locally Lipschitz. We shall 
denote by 1/ = U{Uq, h) the maximal generalized solution corresponding to Uq and 
h and by Tmax = Tm&x{Uo, h) the right-endpoint of its domain. 


Theorem A.2. 

such that Uqji —> 


Under the assumptions of Theorem 
Uq in TL and hj 


A.l 


h in L]q^([ 0, oo); 77), we have 


given Uq, (t/o„)n in D{Ai) 


i) I^max{UQ,h) ^ liminf^ 7Aax(Gon, ^n), and 

ii) U{UQn,hn) ^ U{UQ,h) in C([0,T*];77) for any T* G (0, r„a,(C/o, h)). 


Proof. The proof is based on the arguments of the proof of Theorem |A.1[ so we 
are going to recall some details of it. The solution U is found as the solution of 
a modified version of (A.2), where Ri is replaced by a globally Lipschitz map Rf^ 
given by 

'Ri{U), if||C/||«<77, 


( 77 ) = 




RU 

\\U\\-H 


ii\\U\\n>R. 


where R is chosen so that ||C7o||?^ < R. Then it is proved that R^ is globally 
Lipschitz, with Lipschitz constant L{R), and that A^ = Ai -I- L{R)I Rf^ is 
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maximal monotone, hence by |53L Theorem 4.1] the Cauchy problem 

fu' + Ai{U) + J-f (t/) = U' + A^iU) - L{R)U Bh inn, 
\ 17 ( 0 ) = Uo&n, 


(A.3) 


has a unique generalized solution U in [0, oo) provided h G L[qj.([ 0 , oo); %) and [/q G 
D{Ai), which is actually strong provided h G oo); "H) and Uq G D{Ai). 

The existence of a solution of (A.2) in some interval then follows by choosing 
(small), depending on R and h, such that 


(A.4) 


||l^(i)||w < R for all t G [0,7*]. 


Our first claim is that, choosing R = 2(1 + UUoU-h)) there is Ti : [0, oo)^ —>■ (0,1], 
decreasing in both variables, such that t* = Ti(jj{7oll«) ||^IUi(o,i;W)) verifies (A.4), 
so 

(A.5) llC/(t)llc([0,**];«) <2(1 +UUoUh). 

To p rove our claim we note, by the same arguments used in the proof of Theorem 
that when [/q G D{Ai), since 0 G 7li(0), Af is monotone and 7^j^(0) = 7^i(0), 


A.l 


we have 


1 , 


(A. 6 ) ^ + l!•Al(0)||«) \\Umn 

for all t G [0,oo), hence by Gronwall Lemma (see [52 Lemma 4.1, p. 179]) 


(A.7) ||C/(t)ll«<e^(fo‘ 

for all t G [0, oo), which by |5 
then (|A.4|) holds provided 


roll 


n 


2 '^^^^"(||h(s)l|« + iri(O)ll) ds 


(4.12), p. 183] holds for all Uq G D{Ai). By (A.7) 


t* < 1 , < 2 , and (l|+'i( 0 )l|« + ||/iljLi(o,i;«)) < 2 . 


Since L(R) in (A.l) can be assumed, without restriction, to be increasing, our claim 

2)/C 

•log- 


then follows by setting (where log ( 2 / 0 ) and (log 2)/0 stand for oo) 
log 2 1 . 2 


L(2 + 2llC/o||«)’ L(2 + 2l|t/o||«) \\hh^\o,l■.'H) + 11-^1 (0)1|« 

From our first claim then it follows the existence of a maximal generalized solution, 
as well as its uniqueness, and clearly we have 

(A.8) TiiWUoWn, WhhHoA-,n) < Tn.M,h) 

for all Uq G D{Ai) and h G Lj/j.([0, oo); 77). 

We now claim that for any Uq,Vq G D{Ai), h,k G Ll^^([0,oo);H), M,H such that 
(A.9) ma.x{\\Uo\\'H, ||foo||w} < M, and max{l|/il|ii(o,i;H), ||fc||Li(o,i;H)} < H 

we have, denoting U = U{Uo, h) and V = U{Vo, k), 

(A.IO) \\Uit) - V{t)\\n < e^( 2 M+ 2 )t ^ _ k\\L^(o,i;n)) 

for all t G [0, ri(M, iJ)]. To prove our claim we note that, being Ti decreasing in 
both variables, by ( A.9| ) we have 

(A.11) Ti{M,H) < min{Ti(jjt7ollwi ll^llLi(o,i;«)ri(rollw) l|fc||Li(o,i;«)}- 
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Hence, by ( |A.5[ ) and ( |A.9[ ), U and V solve in [0,Ti{M,H)] the equation in ( |A.3[ ) 
when R = 2(1 + M). Then, first considering data Hq, Vg € D{Ai) and using the 
monotonicity of we get 

(A.12) I - Vfn) < Lm + 2)\\U- V\\l, + \\h- kU \\U - V\\h, 
in [0, Ti(M, i/)], hence, by using Gronwall Lemma again 
\\U{t) - V{t)\\n < e^( 2 M+ 2 )t ^ ^ ^_Z,( 2 M+ 2 )S||^^^) _ k^s)\\nds^ , 

from which, as Ti < 1, (A.10) follows. By (4-12)] the estimate (A.10) hold for 
Uq, Vo S D{Ai), concluding the proof of our second claim. 

Now let Uq, {Uon)n, h, hn and T* as in the statement, and denote for shortness U = 
U{Uo,h), Un = U{Uon, hn), Tmax = '7Aax(Ho,/i) and = ri„ax(Ho„,/i„). We set 

M{T*) = ||C/||c([0,T*];«), HiT*) = ||h|Uqo,T* + l,«), T^^T*) = Ti (1 + M(T* ), 1 + 
H{T*)) and k{T*) G Nq such that 

(A.13) k{T*)T2{T*) <T* < [k{T*) + 1]T2{T*) 


i.e. k(T*) = min {k S No : T*/T 2 (T*) < At + 1}. By (A.9), since Hon —>■ No in "H 
and hn ^ h in L^(0,1;H), there is ni(T*) G N such that UNonll-H < M(T*) + 1 
and ||/in||Li(o,i:W) < H(T*) + 1 for n > ni(r*). By the monotonicity of Ti and 
( A.9| ) then we have 

T 2 (T*) < T,{\\Uo\\n, I|/i||li( 0 , 1 ;H)) and T 2 {T*) < Ti(||t/o„||«, \\hn\\LHo,i;n)) 
for n > ni{T*). By maximality it follows that 

(A.14) r 2 (r*) < T„,ax, and T 2 iT*)<T^^^ forn>ni(T*). 

By our second claim moreover we have 

\\Un — b^||c([ 0 ,T 2 (T*)];'H) < )+4)T2(T ) _ UoWu + ||^n — ^||li(0.1;«)) j 

from which N„ —N in C{^,T 2 {T*)\,'H), so that 

(A.15) Un(T 2 {T*))^U{T 2 {T*)) and hn ^ h in L\T 2 {T*),T 2 (T*) + 

When T* < T 2 (T*), or equivalently k(T*) = 0, the proof of ii) is complete, and by 
(A.14) we have 


(A.16) 


^ m 


for n > ni{T*). 


When T* > T 2 {T*), or equivalently k{T*) > 1, we simply repeat previous argu¬ 
ments k(T*) times, having (A.15) as the starting point. In this way we get that 
Un^U in C([0, [k{T*) + 1]T2{T*)]-,H) and T* < for n > n,(r*)+i(7’*). By 
(A.13) the proof of ii) is then completed, while i) follows, since T* G (0,rniax) is 
arbitrary, also using ( A.16|), concluding the proof. □ 


Appendix B. On the Laplace-Beltrami operator 
This section is devoted to prove the following result 

Lemma B.l. Let M be a compact manifold equipped with a Riemannian 
metric Then —Am +1 is a topological and algebraic isomorphism between 

1T®+^’^(M) and for any s G [—1,1] and I < p < oo. 
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This fact is well-known when M is smooth (see for example |29j, [56] and [58l 
p.28]). A proof is given in the sequel for the sake of completeness. Due to the 
linear nature of the problem it is convenient to prove it for Sobolev spaces of 
complex-valued distributions, since complex interpolation arguments are available. 
The real case then trivially follows. All the preparatory material in the main 
body of the paper still hold provided one proceeds as follows. The tangent bundle 
T{M) is complexified by setting := UxgmI^} ^ where T^{M)'^ ~ 

T^{M) + iTx{M) stands for the complexihcation of T^i^M) (see |S^). By Re v 
and Im v we shall respectively denote the real and imaginary part of w G 
Moreover (•, ■)m is uniquely extended as an hermitian form on T{M)'^. Finally v is 
replaced by v in the first integral in (2.2) and (5.4) and in the last one in (2.8 1 -(2.9). 


By repeating the arguments in UH pp. 38-42] and using the well-known interpo¬ 
lations properties of Sobolev spaces in K" (see |SS|) one easily proves that 


(B.l) 


w^’p{r) 


[W‘^»'P{M),W'^^’P{M)]g 


if s ^ Z, 
if s G Z 


where sq: si G Z, s = Osq -b (1 — 0)si, 9 G (0,1), —2 < sq < si < 2, and (•, ■)e,p, 
[•, -je respectively denote the real and complex interpolator functors (see [l2|). 

Lemma B.2. Let M be a compact manifold equipped with a Riemannian 
metric (•, ■)m p^n-d 1 < p < oo. Then 


i) for any u G IT^’^(M) such that Amu G LP{M) we have u G W‘^'P{M); 

ii) there is C = C{p, (•, ■)m) > 0 such that 

(B.2) ||u||w2.p(m) < C (II^mu||lp(m) + I|w||lp(m)) for all u £ W^'P{M). 


Proof. We use the standard localization technique. Since M is compact it posses 
a finite atlas U = {{Ui,(f)i),i = l,...,r}, with (fiiUi) = Bi, where Br denotes 
the open ball in K”, n = dimM, of radius R > 0 centered at the origin. By [54l 
Theorem 4.1, p. 57] there is a partition of the unity T = {9i,i = l,...,r} 
subordinate to it, i.e. 9i G C^{M), 0 < 0^ < 1, supp 9i CC Ut for i = l,...,r, 
di = I on M. In the sequel we shall denote by Ci,C 2 ,. ■ ■ positive constants 
depending on p, Id and T. 

We hrst claim that if it G kF^’®(M) for some 1 < s < p such that p < sn/{n — s) 
if s < n, and Amu G LP{M), then u G W‘^’P{M). To prove our claim we fix i = 
1, ..., r and we denote 9 = 9i,v = u9, u = u-<j)T^ G W^’®(i3i), 9 — 9-cj)T^ G C^(i?i), 
V = u9. Now set R G (0, 1) such that supp 9 CC Br, so that v G W‘^’^{Br) and 
supp V CC Br. By the expression of Am in local coordinates we have 


(B.3) 


Amv = 9Amu + 2(Vm0j Vmw)m + uAm9. 


Since, by Sobolev embedding theorem, we have it, |Vmw|m € LP{M), we get that 
Amv G LP{M). Using its expression in local coordinates again the operator —Am 
is expressed, in local coordinates, by Lf + , where = —di{g^^dj) and = 

hence by (2.1) and Sobolev embedding theorem we get L'^v G 
is a linear uniformly elliptic operator, in the 

Lemma 2.4.1.4, p. 


-h 

LP{Br). Since, also by (2.1), 


divergence form, with coefficients in C^(Br), we can apply 
114] to the homogeneous Dirichlet problem in Br to conclude that v G W‘^’P{Bi), 
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SO that V G Summing up for i we then get u G 

proving our claim. By a reiterate application of previous claim we get i). 

To prove ii) we note that, by O Theorem 15.2] we get 
(B.4) \\v\\w^,P{Bi) = II^IIiv 2 .p(b^) < Cl (||Am'C||lp(Bh) + II^IUpISi)) , 

and then, by (B.3), 

II^'IIw 2 ,p(Bi) < C 2 {\\Amu\\bp(Bi) + \\u\\w^’P(Bi)) , 
which, by (2.1), yields 

||■C||^V2.p(Bl) < C's {\\Amu\\lp{M) + \\u\\w^’P{M)) ■ 

Summing up for i = 1,..., r we get 

I|u||w2,p(m) < C 4 [\\Amu\\bp{M) + ll^^llwi-P(M)) ■ 

Since by (B.l) we have W^’P{M) = [W^’P{M), LP{M)]i/ 2 , by interpolation p. 
21]) and weighted Young inequalities we get 

(B.5) \\u\\w^’P{M) < C 5 {\\Amu\\lp{m) + \\u\\lp{m)) for all u G 

We finally set C = sup { ||A„.|'|'r!'Tr)’XlhP(M) - “ ^ \ {0}}, nothing that 

C < 00 by (B.5) and C is trivially independent on U and T. □ 

Proof of Lemma BJ] W e denote Ag^p = —Am + I '■ 

By (2.2), (5.2) and (5.5) we have {Ao^ 2 U,v) h^(m) = {v,u)h^ for all u,v G 
so by Riesz-Frechet theorem, Aq 2 is an isomorphism. 

We now consider the case s = 1, starting with p = 2. By previous remark, for all 
h G L‘^{M) there is a unique u G H^(M) such that —Amu + u = h. Since [57l 
Theorem 1.3, p. 304-306] trivially extends to manifolds we get u G 
hence also A 12 is an isomorphism. 

We now consider p> 2. Given h G L P{M) there is a unique u G such that 

—Amu + u = h, and by Lemma B.2 - i) we have u G W^’^(M), hence Ai^p is an 
isomorphism when p > 2. 

We now take 1 < p < 2 and we consider Gli p as an unbounded linear operator 
in LP{M) with domain Being bounded from to LP{M) by 

Lemma B.2 -ii), it is a closed operator. We now claim, as in[331|37], that —Am is 
accretive in LP{M), i.e. 

(B.6) Re [ -Amu \u\f‘-'^u>0 for all u G VF^’'’(M). 

JM 

We first take u G C^{M) and set u* = (|mP + for e > 0. Hence 

(Vmm,VmOm = {\u\‘^ Mu\l4 + MU,u^V MU 

+ |uPVmm)m = {\u\'^+e)^^~^^^'^ e|VMu|L + ^\u^mu\m + ^{u\7 mu,uVmu)m 

and then, setting v = Re{u'V mu) and w = lui{iA7 mu), we get 

{VMU,Vmu*)m = [eIVmwIm + (p - l)klM + kP + *(p - 2){v,w)m] 


^^or, with a slight variant, | 331 Theorem 2.3.3.2, p. 106] 
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Consequently Re{\7 mu,\7mu*)m > 0. By ( |5.4[ ) then Re —Amu u* > 0 for all 
e > 0. Since u* —>■ \u\p~‘^u pointwise in M, being uniformly bounded, we can pass 
to the limit as e —>■ O’*' and get (B.6) for all u G By density our claim is 

proved. By (B.6) we immediately get that Re > II^IIlp(m) 

for all u G 1R^’'’(M), from which Ai^p is injective and, by Holder inequality, 

\\u\\lp(m) < \\Ai,pu\\lp(m) for all u G 

so Rg(Hi_p) is closed. But L‘^{M) = Rg(Hi^ 2 ) C Rg(Hi^p), and L?{M) is dense in 
LP{M), hence Rg(Ai^p) is dense, so Rg(Ai_p) = LP{M) and Hi_p is an isomorphism 
also when 1 < p < 2. 


We now consider the case s = —1. By (5.2) and (5.4) we have 

for all s G [—1, 1], u G and v G hence ^-i,p is the Banach 

adjoint of Ai^p'. It follows then that A_i_p is an isomorphism for 1 < p < oo. Finally 
the result holds for s S [—1,1] by (B.l) and interpolation theory (see da)- □ 
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